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Abstract: We consider the problem of constructing confidence interval for linear com-
bination of the means of several log-normal distributions. We apply the generalized
confidence interval (GCI) approach and the method of variance estimate recovery
(MOVER) to construct confidence intervals for the linear combination of log-normal
means. We then compare the performances of the proposed confidence intervals via a
simulation study and a real data example. Simulation results show that our proposed
MOVER and GCI confidence intervals can be recommended generally for different
sample sizes and different number of groups.
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1 Introduction
In practice such as biology, economy, insurance, medicine and pharmacology, a very
applicable distribution for positive right-skewed data is the log-normal distribution;
see Lacey et al. (1997), Julius and Debarnot (2000), Shen et al. (2006) and references
therein. As an example, Tian and Wu (2007) consider the medical charge data from
analyzed this data set and concluded that the African American group (119 patients)
and the white group (106 patients) are distributed as a log-normal distribution. Also,
Keshavarzi et al. (2011) studied a possible link between the epidemiologic patterns of
esophageal cancer (EC) and the anomalous concentration of some ions and elements in
the drinking water sources in the four regions: Gonbad, Dashlibroon, Maravetappeh
and Gorgan all in North of Iran. Primary analysis showed that the log-transformed data
are normally distributed in all regions. The log-normal distribution is especially used
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in biomedical research. As noted by Krishnamoorthy and Oral (2015), the growth rates
of soft tissue metastases of breast cancer can be modelled by a log-normal distribution
and the transcript levels of five different genes in individual cells from mouse pancreatic
islets are log-normally distributed. For more examples and applications of log-normal
distribution in epidemiological and health related studies see Lacey et al. (1997) and
Lin and lee (2005).

Suppose that there are k independent samples that are taken from k populations
and each population follows a log-normal distribution. In practice, it is firstly of interest
to test the hypothesis of the equality of log-normal means. One can refer to Gokpinara
and Gokpinara (2015), Jafari and Abdollahnezhad (2015), Krishnamoorthy and Oral
(2015) and li (2009); among others, for the problem of testing the equality of several
heterogeneous log-normal means. When the hypothesis of log-normal means equality is
done, one of the problems of interest is to make inferences on the linear combination of
the mean of populations, like common mean, differences, contrasts, and etc. It is worth
mentioning that several researchers have considered the problem of making inferences
on the linear combination of the mean of several normal populations; among others,
see Lin and Lee (2005) and the references therein. However, there are situations that
the log-transformed observations have a normal distribution instead of the original
observations; i.e. the observations have a log-normal distribution. Although by the
logarithm transformation the problem backs to the normal case, a research may interest
in making inference about the mean response in the original scales since the mean of
log-transformed data may not have a practical interpretation; see Tian and Wu (2007)
and Zhou et al. (1997). For example, in the example of Keshavarzi et al. (2011),
they considered Gorgan as a case–control point due to its comparatively low incidence
rate of EC and Gonbad, Dashlibroon and Maravetappeh as high esophageal cancer
areas with a common mean. It is of interest in making inferences about the anomalous
concentration of some ions in the drinking water sources in the three regions with
comparison of Gorgan region.

In this paper, we apply the generalized pivotal quantity (GPQ) approach to con-
struct a confidence interval for the linear combination mean of several heterogeneous
log-normal distributions. Also, we proposed a closed-form approximate confidence
based on MOVER approach. Note that a test for the linear combination mean can
be performed by inverting the confidence interval. Then, we compare the proposed
confidence intervals via a simulation study in terms of coverage probability (CP) and
average length (AL). Simulation results show that our proposed MOVER confidence
intervals is simple to implement and is preferred generally for small and moderate
sample sizes. Also, GCI is appropriate for large sample sizes.

2 Notation and necessary background
Suppose that Xij , i = 1, · · · , k, j = 1, · · · , ni be random samples from k independent
populations where i -th population has a log-normal distribution with the parameters
µi and σ2

i , denoted by log(µi, σ
2
i ), i = 1, · · · , k. Let ηi = E(Xij) = exp(µi +

σ2
i

2 )
denote the mean of the i -th population. We are interested in constructing confidence
interval for η =

∑k
i=1 ciηi where ci ’s are known values as differences, contrasts or etc.

Let Yij = log(Xij), i = 1, · · · , k and j = 1, · · · , ni It is well known that the Yij
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is distributed as a normal distribution with the mean µi and variance σ2
i , henceforth

N(µi, σ
2
i ) . The unbiased maximum likelihood estimators and uniformly minimum

variance unbiased estimators (UMVUEs) of µi and σ2
i can be obtained by the following

equations Ȳi =
∑ni

j=1
Yij

ni
and S2

i = 1
ni−1

∑ni

j=1(Yij − Ȳi)
2 . It is well-known that Ȳi and

S2
i are independent (Sadooghi-Alvandi and Malekzadeh, 2014), and Ȳi ∼ N(µi,

σ2
i

ni
)

and (ni−1)S2
i

σ2
i

∼ χ2
(ni−1), i = 1, · · · , k where χ2

(τ) denotes a chi-square distribution with
τ degrees of freedom.

3 The proposed confidence intervals
In this section, we first provide a version of the approximated MOVER confidence
interval and then a generalized confidence interval for the linear combination of the
means of log-normal populations.

3.1 The MOVER confidence interval
The MOVER is a useful technique to find a closed-form approximate confidence in-
terval for a linear combination of parameters based on the confidence intervals of the
individual parameters; see Zou and Donner (2008), Zou et al. (2009a, b) and Krish-
namoorthy and Oral (2015). To describe the MOVER technique, consider a linear
combination

∑k
i=1 wiθi of parameters θ1, · · · , θk where wi are known constants. Let

θ̂i ’s be independent unbiased estimates of θi ’s. In addition (Li, Ui) , let denote the
100(1− α)% confidence interval for θi, i = 1, · · · , k . Then, 100(1− α)% the MOVER
confidence interval for

∑k
i=1 wiθi is (U,L) where

L =

k∑
i=1

wiθ̂i −

√√√√ k∑
i=1

w2
i (θ̂i − L∗

i )
2; L∗

i =

{
Li, wi > 0,
Ui, wi < 0.

U =

k∑
i=1

wiθ̂i −

√√√√ k∑
i=1

w2
i (θ̂i − U∗

i )
2; U∗

i =

{
Ui, wi > 0,
Li, wi < 0.

In our problem, η̂i
∗ = Ȳi +

1
2S

2
i is an unbiased estimate of η∗i = µi +

1
2σ

2
i . i =

1, · · · , k Therefore, a confidence interval can be obtained for the log-normal mean η∗i
by combining the individual confidence intervals for µi and σ2

i . In this regard, notice
that the exact confidence intervals for µi and σ2

i are given by Abdel-Karim (2015) as
(Ȳi +

t(1−α
2

)(ni−1)Si
√
ni

) and (
(ni−1)S2

i

χ2
1−α

2
(ni−1)

,
(ni−1)S2

i

χ2
α
2
(ni−1)

) where tγ(n) and χ2
γ(n) denote the γ

-th percentile of t -distribution and chi-square distribution with degrees of n freedom
respectively. Using the MOVER, an approximate confidence interval for η∗i can be
(L∗

i , U
∗
i ) where

L∗
i = η̂i

∗ − si

√√√√ t2α
2
(ni − 1)

ni
+

s2i
4
(1− ni − 1

χ2
1−α

2
(ni − 1)

)2,
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and

U∗
i = η̂i

∗ + si

√√√√ t2α
2
(ni − 1)

ni
+

s2i
4
(1− ni − 1

χ2
α
2
(ni − 1)

)2;

See Krishnamoorthy and Oral (2015). Therefore, the 100(1 − α)% approximate con-
fidence interval for the i th population mean, i.e. ηi , is (Li, Ui) where Li = exp (L∗

i )
and Ui = exp (U∗

i ) . Also, the 100(1 − α)% approximate confidence interval for η the
can be (L,U) where

L =

k∑
i=1

ci exp(η̂i
∗)−

√
(c2i exp(η̂i

∗)− L∗∗
i )2; L∗∗

i =

{
Li, ci > 0,
Ui, ci < 0.

U =

k∑
i=1

ci exp(η̂i
∗)−

√
(c2i exp(η̂i

∗)− U∗∗
i )2; U∗∗

i =

{
Ui, ci > 0,
Li, ci < 0.

Remark 3.1. The null hypothesis H0 : η = η0 at level α is rejected when (L − η0) ×
(U − η0) > 0.

3.2 The generalized confidence interval
The concepts of generalized test variable and generalized pivotal quantity (GPQ) are
introduced by Tsui and Weerahandi (1989) and Weerahandi (1993), respectively, and
are successfully applied to different problems. Here, we use this concept of generalized
pivotal quantity for constructing a generalized confidence interval. Based on ȳi and si
as observed values of Ȳi and Si GPQ of η∗i is given by

Rη∗
i
= x̄i − Zisi

√
ni − 1

niUi
+

ni − 1

2Ui
,

for i = 1, · · · , k, where Zi and Ui are independent random variables distributed as
N(0, 1) and χ2

(ni−1) respectively. The generalized pivotal quantity related to ηi is
Ri = exp (R∗

i ) for i = 1, · · · , k . The generalized pivotal quantity for η =
∑k

i=1 ciηi
is given by Ri =

∑k
i=1 ciRi and the generalized confidence interval at confidence level

100(1− α)% for η is
(Rα

2
, R1−α

2
),

Where Rβ is a β -th percentile of the GPQ R. It can be estimated easily by the
following algorithm:

(i) Compute ȳi ’s and si ’s from the data.
(ii) Generate Zi and Ui and compute R∗

ηi
given in (2) and subsequent R =

∑k
i=1 ciRi.

(iii) Repeat Step (ii) M times to obtain M realizations of R. Calculate the empirical
(1− α) -th percentile of generated R as an estimate of R1−α.

Remark 3.2. The null hypothesis H0 : η = η0 at level α is rejected when the generalized
p-value

pG = 2min(P (R > η0), P (R ≤ η0)),

is less than α.
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4 Simulation study
In this section, through simulations, we compare the performances of the proposed
generalized confidence interval with the method of variance estimate recovery method
in terms of the coverage probability (CP) and the average length (AL). We considered
different values and scenarios for σ2 = (σ2

1 , · · · , σ2
k) and n = (n1, · · · , nk) . Simulation

is done for µi = 1 for i = 1, · · · , k and different values of σ2 and n at level 95%. Note
that the estimated CPs are approximately normal variables with the mean 0.95 and
the variance 0.95×0.05/10000. Therefore, a 95 lower bound for estimated CPs is 0.946.
If the estimated CP of a method is less than 0.946, we can conclude that the method
is liberal. We note that a method is preferred to other methods when its estimated CP
is not significantly less than 0.95 and it has the smallest AL among the methods that
are not liberal.

(1) For different values of σ2 and n , all of CPs of two approaches are not liberal,
i.e. are not significantly less than 95%.

(2) In small and moderate sample sizes, the average lengths of the GCI and MOVER
methods are not well comparable. In large sample sizes, it seems that the GCI results
shorter confidence interval than MOVER method.

(3) Final simulation conclusion. Our simulation results show that the two
methods give reliable confidence intervals for the different values of sample sizes and
variances that we considered here. In addition, the MOVER approach is simpler than
GCIs to implement since it does not need computer simulation. Therefore, the MOVER
is recommended for small and moderate sample sizes. Also, the GCI is recommended
for large sample sizes.

5 Numerical examples
Based on the medical charge data, the sample mean (sample variance) of the log-
transformed data for the African-American group and the white group are 9.067 (1.824)
and 8.693 (2.693), respectively. The 95 two-sided GCI, and MOVER confidence inter-
vals for the different linear combination are shown in Table 3. We also presented the
lengths of confidence intervals in this table.

Zhou et al. (1997) and Wu et al. (2002) shown that is no significant differences
between the means of this data, i.e. η∗1 = η∗2 . It can be seen from the results of table
3 that both confidence intervals for coefficient 1 and -1 contain zero value.



On construction confidence interval 108

References
Abdel-Karim, A.H. (2015). Construction of simultaneous confidence intervals for ratios

of means of lognormal distributions. Communications in Statistics–Simulation and
Computation, 44(2), 271–283

Gokpinara, F and Gokpinara, E. (2017). Testing the equality of several log-normal
means based on a computational approach. Communications in Statistics–Simulation
and Computation, 46(3), 1998–2010.

Jafari, A.A. and Abdollahnezhad, K. (2017). Testing the equality means of several log-
normal distributions. Communications in Statistics–Simulation and Computation,
46(3), 2311–232.

S.A. and Debarnot, C.A.M. (2000). Why are pharmacokinetics data summarized by
arithmetic means? Journal of Biopharmaceutical Statistics, 10, 55–71.

Keshavarzi, B., Moore, F., Najmeddin, A., et al. (2011). Quality of drinking water and
high incidence rate of esophageal cancer in Golestan province of Iran: a probable
link. Environmental Geochemistry and Health, 34(1), 15–26.

Krishnamoorthy, K. and Oral, E. (2015) Standardized likelihood ratio test for compar-
ing several log-normal means and confidence interval for the common mean. Statis-
tical Methods in Medical Research, 26(6), 2919–2937.

Lacey L.F., Keene, O.N., Pritchard, J.F., et al. (1997). Common non compartmental
pharmacokinetics variable: are they normally or log-normally distributed? Journal
of Biopharmaceutical Statistics, 7, 171–178.

Li, X. (2009). A generalized p-value approach for comparing the means of several log-
normal populations. Statistics and Probability Letters, 79, 1404–1408.

Lin, S. and Lee, J.C. (2005). Generalized inferences on the common mean of several
normal populations. Journal of Statistical Planning and Inference, 134, 568–582.

Sadooghi-Alvandi, S.M., Malekzadeh, A. (2014). Simultaneous confidence intervals for
ratios of means of several log-normal distributions: a parametric bootstrap approach.
Computational Statistics & Data Analysis, 69, 133–140.

Shen, H., Brown, L. and Hui, Z. (2006). Efficient estimation of log-normal means with
application to pharmacokinetics data. Statistics in Medicine, 25, 3023–3038.

Tian, L. and Wu, J. (2007). Inferences on the common mean of several log-normal
populations: the generalized variable approach. Biometrical Journal, 49, 944–951.

Tsui, K. W. and Weerahandi, S. (1989). Generalized p-values in significance testing of
hypotheses in the presence of nuisance parameters. Journal of American Statistical
Association, 84, 602–607.

Zhou, X.H., Gao, S. and Hui, S.L. (1997). Methods for comparing the means of two
independent log-normal samples. Biometrics, 53(3), 1129–1135.



109 A. Malekzadeh

Zou, G.Y. and Donner, A. (2008). Construction of confidence limits about effect mea-
sures: a general approach. Statistics in Medicine, 27, 1693–1702.

Zou, G.Y., Huo, C.Y. and Taleban, J. (2009a). Confidence interval estimation for log-
normal data with application to health economics. Computational Statistics & Data
Analysis 53, 3755–3764.

Zou, G.Y. Taleban, J. and Huo, C.Y. (2009b). Simple confidence intervals for log-
normal means and their differences with environmental applications. Environmetrics,
20, 172–180.

Weerahandi, S. (1993). Generalized confidence intervals. Journal of American Statisti-
cal Association, 88, 899–905.

Wu, J., Jiang, G., Wong, A. C. M., and Sun, X. (2002). Likelihood analysis for the
ratio of means of two independent log-normal distributions. Biometrics, 58, 463–469.


