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Abstract: In this paper, we provide the expectation of a function of the quadratic
form of the multivariate skew Laplace distribution using the generalized Laguerre series
that can be applied to compute the elements of the Fisher information matrix. Finally,
we give a numerical example to obtain the expectation of this quadratic form.
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1 Introduction
Consider Z follows a p-dimensional normal distribution with mean vector 0 and covari-
ance matrix Ip, and V follows a gamma distribution with parameters θ and 1

2 such that
E(V ) = 2θ. Also, consider that Z and V are independent. The generalized asymmetric
Laplace (GAL) distribution is a p - dimensional random variable defined as

X = µ+ V γ +
√
V Σ1/2Z, (1)

where µ ∈ Rp is a location parameter, γ ∈ Rp is a skewness parameter and Σ is a
positive definite matrix. This distribution is a special case of the normal variance-
mean mixture distributions and is introduced by Kotz et al. (2001). A spacial case of
GAL distribution with θ = (p + 1)/2 is considered by Arslan (2010) and some of its
properties are studied. This spacial case is called multivariate skew Laplace (MSL)
distribution with the following probability density function:

f(x) =
|Σ|1/2

c2pπ
p−1
2 Γ(p+1

2 )
exp(−c

√
Q(x) +A(x)),
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where A(x) = γ′Σ−1(x− µ), Q(x) = (x− µ)′Σ−1(x− µ), c =
√
1 + γ′Σ−1γ.

When the parameters µ and Σ are known, the Fisher information matrix can be
computed by

Iγγ′ = −E

(
∂2ℓ

∂γ∂γ′

)
,

where ℓ = log(f). Therefore,

Iγγ′ = Σ−1c−2 − 2Σ−1γγ′Σ−1c−4 +
(
Σ−1c−1 − Σ−1γγ′Σ−1c−3

)
E
(√

Q(X)
)
.

To compute the Fisher information matrix, we have to find E
(√

Q(X)
)

.

2 Computing the quadratic form
In this section, we find the expectation of√

Q(X) =
√

(X − µ)′Σ−1(X − µ),

where X is a random variable with the MSL distribution. First, we state that E(
√

Q(X))
exists.
Theorem 2.1. Conditional distribution Q(X) given V = v is distributed as vU where
U has a non-central chi-squared distribution with p degrees of freedom and non-centrality
parameter λ = vh, where h =

∑p
i=1

(e′
iγ)

2

2λi
, and λi and ei are the eigenvalues and

eigenvectors of the matrix Σ, respectively.
Proof. Without loss of generality, we consider µ = 0. Consider that Y has the con-
ditional distribution of X given V = v. Using (1), Y has a p- dimensional normal
distribution with mean vγ and covariance matrix vΣ. Since Σ−1

v Σ−1v = Ip is idem-
potent matrix, based on Rencher and Schaalje (2007), page 117, Y ′Σ−1

v Y has a non-
central chi-squared distribution with p degrees of freedom and non-centrality parameter
λ = 1

2 (vγ)
′Σ−1

v (vγ) = vh, and the proof is completed.

Lemma 2.2. If X has a MSL distribution then E(
√
Q(X)) exists and

E(
√
Q(X)) ≤

√
2pθ + 8hθ(θ + 1), (2)

where h =
∑p

i=1
(e′

iγ)
2

2λi
.

Proof. For the random variable U in Theorem 2.1, we have E(U) = p + 2vh. Also,
using the Jensen’s inequality, E(

√
X) ≤

√
E(X) for a positive random variable X.

Therefore,

E(
√
Q(X)) ≤

√
E(Q(X))

=
√
E[E(Q(Y )|V )]

=
√
E(V (p+ 2V h))

=
√
2pθ + 8hθ(θ + 1),

and proof is completed.
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If U has non-central chi-square distribution with p degrees of freedom and non-
centrality parameter λ then (Park Jr., 1961)

E(
√
U) =

√
π

2
L

(
1

2
,
p

2
− 1,−λ

2

)
, (3)

where L (n, α, x) is the generalized Laguerre polynomial which is defined as

L (α, n, x) =
xαex

n!

dn

dxn
(e−xxn+α).

For more details about (generalized) laguerre polynomial and function, reader can refer
to Abramowitz and Stegun (1964), Gradshteyn and Ryzhik (2007) and Andrews (1985)
and the references there in. The infinite series presentation of our L

(
1
2 ,

p
2 − 1,−z

)
has

the following form

L

(
1

2
,
p

2
− 1,−z

)
=

2Γ
(
p+1
2

)
Γ
(
1
2

) ∞∑
k=0

(
− 1

2

)
k

Γ
(
k + p

2

) × zk

k!
,

where (a)k is the Pochhammer function defined as

(a)k = a (a− 1) . . . (a− k + 1) ,

with properties (a)k = Γ(a+k)
Γ(a) and Γ

(
− 1

2

)
= −2Γ

(
1
2

)
= −2

√
π. It is clear that the

above power series L
(
1
2 ,

p
2 − 1,−z

)
converges for all real z.

Theorem 2.3. If X has a MSL distribution then

E(
√
Q(X)) = p+

1√
π

∞∑
k=1

(−1)
k+1

Γ
(
k − 1

2

)
(2h)

k (p
2 + k

)
k!

. (4)

Proof.

E
(√

Q (X)
)
=

√
π

2
E

[
V

1
2L

(
1

2
,
p

2
− 1,−hV

)]
=

√
2Γ

(
p+1
2

)
Γ
(
p
2

) E
(
V

1
2

)
+

Γ
(
p+1
2

)
√
2π

E

[ ∞∑
k=1

(−1)
k+1

Γ
(
k − 1

2

)
hkV k+ 1

2

Γ
(
k + p

2

)
k!

]
.

Take fk =
Γ( p+1

2 )
π × Γ(k− 1

2 )h
kV k+1

2

Γ(k+ p
2 )k!

. Then,we have

L

(
1

2
,
p

2
− 1,−hV

)
=

2Γ
(
p+1
2

)
V

1
2

Γ
(
p
2

)
Γ
(
1
2

) +

∞∑
k=1

(−1)
k+1

fk,

and

L

(
1

2
,
p

2
− 1,+hV

)
=

2Γ
(
p+1
2

)
V

1
2

Γ
(
p
2

)
Γ
(
1
2

) −
∞∑
k=1

fk.
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It is clear that∣∣∣∣∣
n∑

k=1

(−1)
k+1

fk

∣∣∣∣∣ ≤
n∑

k=1

fk ≤
∞∑
k=1

fk =
2Γ

(
p+1
2

)
V

1
2

Γ
(
p
2

)
Γ
(
1
2

) − L

(
1

2
,
p

2
− 1,+hV

)
:= g,

where function g is integrable with respect to distribution of random variable V (FV (.)).
So, using Theorem (16.7) of Billingsley (1995),

∑∞
k=1 (−1)

k+1
fk is integrable and∫ ∞

0

∞∑
k=1

(−1)
k+1

fkdFV =

∞∑
k=1

∫ ∞

0

(−1)
k+1

fkdFV .

Therefore, after some algebraic simplifications and using the fact that

EV

(
V k

)
=

2kΓ
(
p+1
2 + k

)
Γ
(
p+1
2

) ,

we have

E
(√

Q (X)
)
= p+

1√
π

∞∑
k=1

(−1)
k+1

Γ
(
k − 1

2

)
(2h)

k (p
2 + k

)
k!

,

and the proof is complete.

Example 2.4. For numerically computing of E
(√

Q (X)
)

, we consider the case with

p = 2, γ =

[
1

−2

]
and Σ =

[
1 ρ

ρ 1

]
. In this case, the eigenvalues of Σ are

1 + ρ and 1 − ρ, respectively. In Table (1), we provide the value of E
(√

Q (X)
)

for
ρ ∈ {−0.9,−0.8, ...,+0.8,+0.9}.

Table 1: Computing E
(√

Q (X)
)

for different values of ρ.

ρ E
(√

Q (X)
)

ρ E
(√

Q (X)
)

-0.9 5.304 0.1 4.601
-0.8 4.417 0.2 4.827
-0.7 4.126 0.3 5.110
-0.6 4.014 0.4 5.469
-0.5 3.958 0.5 5.940
-0.4 4.007 0.6 6.589
-0.3 4.064 0.7 7.551
-0.2 4.152 0.8 9.182
-0.1 4.270 0.9 12.896
0.0 4.4174

3 Conclusion
In this paper, we computed E

(√
(X − µ)′Σ−1(X − µ)

)
when X has the multivariate

skew Laplace distribution (MSLp(µ,Σ,γ)) which introduced by Arslan (2010) by using
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generalized Laguerre series. We showed that it is used for computing the elements of
Fisher information matrix Iγγ′ .
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