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Abstract: Most of the research on optimal designs concentrates on D-optimal designs
for linear and nonlinear models with fixed effects. Recently nonlinear models with
random effects have been of great attention because these models are more applicable
to describing real data. In this paper, E-optimal designs for the Poisson regression
with random effects have been considered. A new version of the equivalence theorem
is prepared for this criterion in the Poisson regression model with random effects.

Keywords: E-optimal design; Poisson regression model; Quasi-likelihood method;
Random effect.
Mathematics Subject Classification (2010): 92K05.

1 Introduction

Experimental design is a powerful statistical tool for scientific research and industrial
applications. A well-planned experimentation is an effective way to improve the quality
of the analysis. The idea of optimal designs is to find the best values of the control
variables, which maximize the amount of information obtained from observations. To
compare different designs, it is necessary to define a criterion, a real-valued function on
the Fisher information matrix for the parameter vector that equals the inverse of the
variance-covariance matrix. Most of the literature on the optimal design concentrates
strongly on D-optimality, which is the based on minimizing of the real value function,
determinant , of the variance-covariance matrix of estimators. In contrast, it has
paid less attention to E-optimal designs, which minimize the largest eigenvalue of the
variance-covariance matrix of estimators. E-criterion is recognized as special case of
the Kiefer’s ®,-criterion for ¢ — oo, for example see Kiefer (1974).
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Dette and Studen (1993) consider the E-optimal design problem by investigating
the geometric properties of linear models. They presented new proof for spring balance
and chemical balance weighting designs. For the linear and nonlinear models with two
parameters, the optimality of their design was investigated analytically by Dette and
Haines (1994). The E-optimal designs for nonlinear regression models are presented
by Dette and Melas (2004) in detail. They showed the optimality that occurred in the
Chebyshev points. Prus (2019) discussed the equivalence of the E-criterion between
the fixed effects model and random coefficients regression models.

This work concentrates on the E-optimal designs for the Poisson regression model
with random effects. This model is widely used in biosciences when replicated measure-
ments are available from different individuals, for example Verbeke and Molenberghs
(2000). Due to the random effects, an explicit form for the variance-covariance ma-
trix could not be achieved. Niaparast (2009) and Niaparast and Schwabe (2013) used
the quasi-likelihood method and obtained a quasi-information matrix. Then consider
D-optimal designs for the quasi-likelihood estimator of parameters in mixed effects
Poisson regression models. We use these results to obtain candidates for the E-optimal
designs and check the optimality of these designs by using equivalence theorems. Fur-
thermore, among different strategies to find the optimal design for this model, we
consider designs as local because it is the basis for others.

This paper is organized as follows. In Section 2, we will introduce the model and
the variance-covariance structure of the quasi-likelihood estimator of parameters in the
Poisson regression model with random effects. In our case, a new equivalence theorem
for the E-criterion is deferred in Section 3. We will also obtain E-optimal designs for
some special cases of the Poisson regression model with random effects.

2 A review on the structure of model and design
specification

In this paper, we consider a Poisson regression model with random coefficients in which
the j-th observation of individual i, Y;;, is distributed as a Poisson distribution with
the natural log link, log(\;;) = f7(zi;)b;, for i = 1,--- ,n and j = 1,--- ,m;. Here
n is the number of individuals and m; is the number of observations per individual,

f = (fo,fr,-++, fp—1)T is the known regression function and the p x 1 vector b; =
(bo,is -+ »bp—1.4)T is a vector of random effects which is normally distributed with the
mean vector 3 = (Bo, - - - ,ﬂp_l)T and known variance-covariance matrix . Further,

the random effects vector and observations in different individuals are assumed to be
uncorrelated, whereas observations into individuals are correlated.

On the individual level, the vector of the all m; observations, Y; = (Yi1,- -+, Yim,)%,
has the mean E(Y;) = (u(zi;), -+, i(@im,; )T where p(z) = exp(f7(z)8 + 30(z;2"))
is the mean function with the dispersion function o(z;2') = f7(2)Xf(2"). Also the
variance-covariance matrix structure of Y; is given by Var(Y;) = A; + A;C; A; where
A; = diag{p(xi;)}j=1,. ,m, is a diagonal matrix with entries p(xz;;) for j =1,--- ,m;
and C; = (c(zij; Tik))j k=1, ,m;- Here c(x;x’) = exp(o(x;x’)) — 1 is the variance cor-
rection term.

By the same way, on the population level, the vector of the all observations Y =
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(YL, ) Y,])T has the mean E(Y) = (ET(Y1),---,ET(Y,))T and the variance-
covariance matrix structure of Var(Y) = A + ACA where A = diag{A;}i=1... »
and C = diag{Ci}i:L,.. ne

Niaparast and Schwabe (2013) obtained the quasi-information matrix for the vector
of fixed effect parameters, 3, in the Poisson regression model with random effects as
follows,

M(B) = Zm(ﬁ) = ZFf(A;l +C)'F,

where F; = (f(zi1),- -+, f(@im,))7T-
Let & = { ]‘T)z}’ ’ZZ: } be a design that we have planned to conduct experiments

for ith individual where p; = Z:L] (j = 1,---,s;) stands for the proportion of ob-

servations taken at x; and Zj m;; = m;. Also, denote the population design by

¢ = { 5}: :1%r where w; = % (i = 1,---,r) is the proportion of individuals
observed under the same design & where Y n; = n. Niaparast and Schwabe (2013)
have discussed the optimality of designs issue to obtain an optimal design (*. They

showed to discover ¢* it is sufficient to consider single-group design instead of popu-
lation design, in other words (* = { 51 } Therefore, we can observe all individuals

under the same design £. For design &, the quasi-information matrix can exhibit as
follows,

Ma(€) = F (A1 + Ce) 7' F,

where

FE = (.f(xl)v T 7.f(xs))T7 AE = diag{mj:u(xj)}j:L---,sv CE = (C(xjvxk))j,k:l,m )8

Note that the quasi-information matrix depends on the unknown parameter vector 3
through the mean function. Such a dependency usually occurs in nonlinear models.
To cover this difficulty, we will apply a locally optimal design approach that uses only
a point estimation.

3 Locally E-optimal

In optimal experimental design, it is necessary to determine the criterion which mea-
sures the quality of a design. Among different criteria in the literature for this purpose,
we concentrate on the E-optimal criterion, which focuses on the eigenvalue of the in-
formation matrix, for example see Pukelsheim (2006). We define the E-criterion

\Il(g) = Amaz (mgl(f))a

as the largest eigenvalue of the inverse of the quasi informatin matrix. Hense, £* is
E-optimal if that minimizes ¥(¢). For the E-criterion, monotonicity can be seen easily
concerning loewner ordering. The following lemma verifies concavity for the E-criterion.

Lemma 3.1. The E-criterion is a concave function of & on the set of all designs.
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Proof. The concavity of the E-criterion follows directly from Lemma 5.1 in Niaparast
and Schwabe (2013). Then the result is obtained in the sense of the Loewner ordering
of nonnegative definiteness. The following theorem gives a sufficient and necessary con-
dition that £* is E-optimal. For stating the equivalence theorem, we need to introduce
the sensitivity function d(z, &) as

d(z,&) = mu(z) (f(z) — F{ (A" + Ceo)lee ) M5 ()agq”
M1 ()(f(z) — F (A + Ce) eea),
where q is the eigenvector corresponding to ,\mm(sm;(g)) and the vector c¢, =

(c(zj,x))j=1,.,s of joint (correlation) correction terms for the settings 1, ...,z of a
design & for prediction of a further setting x. O

Theorem 3.2. Let £ is a design with the mazimum eigenvalue Apqq (93“(51(5)) of the
inverse of quasi-information matriz with multiplicity 1. £* is locally E-optimal at B in
the mized effects Poisson regression model, if and only if for all x € X

d(z,6") < q"(M5(€))a —q" (M () FE (AL + Cer) ' Cee
X(Ag! + Cer) ' FeM5' (€7))g.
The sensitivity function d(x,&*) of the optimal design £ attains its mazimum at the

support of £*. Moreover, equality hold for all support points of £*.
The proof can be found in Appendix.

4 Application

We are going to investigate the simple Poisson regression model in two cases, random
intercept and random slope, respectively:

A= eXp(bo + 611‘) with by ~ ]\/v(,BQ,C)'Z)7

A exp(Bo + biz) with by ~ N(B1,0?),
where 8 = (8o, 81)" and f(x) = (1,2)". In this case pu(z) = exp(Bo + fr1z + 30 (x; 2'))

with o(z;2') = (1,2)2(1,2)T. Note that we restrict our research to designs with only
two different settings z; and xs.

Lemma 4.1. If £ is any design with two points in the experimental setting, i.e. £ =

{ p$1 (1 _pr) }, then the largest eigenvalue of inverse quasi-information matriz for 8

1S as

tr(M51(€)) + 4/ (tr(M5"(€)))? — 4det(M5* (€))
)‘maw(m51<§)) = a \/ 32 a .

Proof. By standard definition of eigenvalues, we can write a quadratic polynomial as
A2 = A(tr(M51(€))) + det(Mg5' (€)) = 0.
The result is obtaind by solving this equation. O
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Then we obtain the following result by the above criterion definition to check that
the two point design is optimal.

Corollary 4.2. Design £* is the E-optimal design for two points design in the Poisson
regression model with random coefficient if and only if for all x € X

A, &) < () — (g (€)DMG ! (€)) + 3 [ (M5 €")

det(M5" (&
—tr(IM 1 (€9)tr(M5" (€7 DM ()] — M

x(2 = tr(DM5' (£7))),

where B = \/tr2(9ﬁ51(g*)) —4det(M5'(£%)) and D = FL(AZ + Ce-) 71 Ce- (AL +

C¢-) ' Fe- and also the sensitivity function is
d(z,€) = mp(x)RTMZ*(E)R

+%[m,u(a:)tr(fmgl(f*))RTm52(§* )R — 2mp(x) det(M5")RTM5' R,

with R = f(x) — Fg; (Ag*l + CE*)_lcf*,I'

In most situations, the explanatory variables explain nonnegative quantities. In
particular, an experimenter may define the design region as X = [h, g], where both
h and g are nonnegative. Furthermore, we consider the case that ju; is a monotone
function of x; especially where y; is a decreasing function of z;. Hence, it is reasonable

to define the canonical standardized mean (i; = fi(z;) = */: ((z};-)) will always lie in [fig, 1]

corresponding to [h, g]. In this paper, we set [h, g] = [0, c0).

4.1 The case random intercept

It was shown by Niaparast (2009), Lemma 4.1.3, that 93151(5 ) for a Poisson regression
model with random intercept is

where Mg(§) = exp(%aQ)FfTAgFg with A¢ = diag{m; exp(f7 (z;)8)}j=1.2. Noth that
F£T Ag F is information matrix for the corresponding model without random effects and
U = (exp(0?) — 1) [ (1) 8 ] Calculations show that for 8 = (-2, —5)7 and m = 100,
we have if = 0.0775 and 5 = 1, whereas optimal weights are different in terms of
o?. Since ji* = exp(B12*), we can drive optimal support points with z} = logiﬁ(,if‘:) for
1=1,2.

Figure 1 indicates optimal weights for some special values of o2. The results show
as o2 increases, the optimal weight decreases. It is easy to see that the equivalence
theorem can be indicated as following corollary.
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Figure 1: Optimal weights p* for model with random intercept for different values of o2.

Corollary 4.3. The design £ is E-optimal design for a Poisson regression model with
random intercept if and only if for all x € X

A, €) < t(MghE) + 5 (Mg (€)e(M ' (€) + U)
~2det(M(€%) + U)ir(M ' (€) + U)~ M (€"))

where B = \/tIQ(Mgl(f*) +U) —4det(Mg'(&*) + U) and

d(x, ) = ﬂlu(x)fTKJﬂJVQEQ(ﬁ*)f(x)4—i%[tr(ﬂfgl(f*)4-lf)
x (mp(a) f7 (x) Mg (€°) f () — 2det(Mg " (€7) + U)
x (mp(a) f7 (x) Mg (&) (Mg (€7) + U) "' Mg () f (=),
is the sensitivity function.

Figure 2 confirm the optimality £* by using above colollary.
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Figure 2: Sensitivity function of £* with fif = 0.0775 and i = 1.

As a benchmark, we turn to consider the efficiency of a given design with respect
to the locally E-optimal design using E. ;s which is defined by

Aoz (M5 (€))

Usually in practice, a standard two points design with uniform weights and endpoints
o = 0.001 which is near zero, and i = 1 is used to carry out experiments. In Table

Eeyy =
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1 we provide comparsion of such design with E-optimal designs. It is shown that the
efficiency of standard design tend to be closer to E-optimal design when the value of
variance increase. This trend meight be correct when the parameters By and (5, are
increase.

Table 1: Efficiency for model with random intercept.
0> Ber(Bo=—3,81=—5) Eess(Bo=—2,51=-5) Eer(fo=~2 b1 = -2)
0 0.076 0.077 0.083

0.5 0.078 0.078 0.146
1 0.078 0.084 0.464
15 0.083 0.192 0.995

4.2 The case random slope

Unlike the random intercept model, the random effect’s size depends on the explanatory
variable’s value in the random slope model. For this model, the corresponding mean
function equals p = exp(fy + fr1x + %02:102). So, the canonical standardized mean
i = exp(frz + %02302). Recall that we have supposed that the mean response is a
decreasing function of the explanatory variable. It means that

du

o (B1 + o2x)p < 0,

and then 31 + o2z < 0. This leads to a restricted region for points of design, i.e.

0<z< —%. It implies that 31 < 0 and exp(5;3) < it < 1. Applying numerical
methods, we obtain E-optimal designs for some representative values of 3, m and 2.
The results are listed in Table 2.

2
1
2

Table 2: E-optimal designs for model with random slope.
ﬁo = 1,61 = —5,m = 200
2 ~%

o’ i Q] s
0 0.7726 0.0775 T
0.5 0.7493 0.1095 1
1 0.7011 0.1798 1
1.5 0.6684 0.2465 1

As 02 increases, optimal point design get more closer to each other. To obtain
optimal support points, note that log(i*) = B1x* + %0%*2 is a quadratic function for
the random slope example. By regarding to above assumptions, we have

o B = VB 207 o)

o2 '

Figure 3 confirms optimality obtained design for special value of parameters. It is
showed that the Fréchet derivative is zero at £*.

As model with random intercept, we want to consider efficiency of the standard
—87
2

[oa

design £ = { %15 0%2 } with endpoints 1 = 0 and z5 = using Eerr. The

results are shown in Table 3.
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Figure 3: Sensitivity function of ¢* for 37 = (1, —5), m = 200 and o2 = 0.5.

Table 3: Efficiency for model with random slope.
062 Eerr(Bo = —2,051 =—5,m=200) Eerr(Bo= 17€10= —5,m = 200)

.082 78

0.5 0.099 0.261
1 0.119 0.186

1.5 0.065 0.035

5 Discussion

This article focuses on E-optimal designs in Poisson regression models with random
effects. Since the likelihood function has not a closed form, alternately, we use the
quasi-likelihood function to obtain the information matrix. This criterion has been
discussed in detail for one-variable Poisson regression models in two special situations,
random intercept and random slope on specific experimental regions. Also, we discuss
the equivalence theorem to confirm obtained optimal designs.

A Proof of Theorem 3.2

First, we make use of the formula (Ag1 +C¢) ' = A — A (I+CcA¢) ' Cc A, Harville
(2013), for the inverse of a sum of matrices. Then we rewrite the quasi-information as
Mg (&) = F (Ag — Ac(I + CcAg) "' Ce Ao F.

Regarding to this equation, the quasi-information matrix of convex combination of
Eand & for 0<a<1is

Ma((1— )+ af') = Fla[Ag e (0)—Ac e (a)(I+Ce e Ag e () ' Ceer Ag e (o) Fe e

where Fr e = ( Fl FJ )T is the joint reduced design matrix for the designs & and
& Ager(a) = ( (1 —gé)Ag ou?lg/ > is the weighted intensity matrix for two designs

C: T
¢ and & and by Cee = ( 1-‘T§ CE«; ) the combined correction matrix, which
’ §,¢ !
contains the mixed correction terms for ¢’ and £ in T¢ ¢+ = (c(,2")), where x and 2’
are the support points of £’ and &, respectively.
Then for the E-criterion, the directional derivative of ¥(£) in the direction of &'
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with multiplicity 1 in Apqy (93?51(5)) equals

F\Il(é-ag/)

d /
L W((1 - )¢ + a8 o

d _
%)‘max(FgT,g’ [Acer(a) — Ag e (@) + Ce e Ag ()"

Ce e Ag e ()] Fe ¢ )|a=0+

q" M5 (1 — a)€ + ot ) (Fe ([AL o (@) — AL g (a)
(I+CeeAge(a))'CeeAc () + Ag ()
(I+CeerAger () CeerAp o (a)(I + Cee- Ager ()"
CeerAcer (@) = Ao () (I + CeorAg e ()™ Ce e Ap ()]
Fe )M (1= a)é + ag™)]qla—o+

where A ., () is derivative of A¢ ¢r(a) w.r.t a.

I+C§A§ 0

A simple calculation shows that (I + C¢ ¢/ A¢ ¢(0)) = ( Fép{/ Ao I > which is

a lower block triangular with inverse

(I+CeAg)™! 2 > :

I+ CeeAee(0) ! = -
(I + Ce e Age(0)) <_I‘Z§,A§(I+C§A§) !

Using multiplication of the block matrix we have

F\I/ (Ea 5/)

= qT(—Emgl(g))[—FgTAgFg + F Ao Fe + FF A

(CeAe + 1) 'CeAcFe + FI AT Ac(Ce A + T) 7!
CeAcFy — F AT AcFe — Fr A (CeAe +1)7!
CeAc(CeAg + 1) 'CeAcFe — F A (CeAe + I) 7!
TeeAgTe o Ae(CeAe + 1) 'CeAcFe + F A

(CeAe + 1) 'Te e Ae T AcFe + F A (CeAg + 1)1
CeAcF; — F Ac(CeAc + 1) 'Te e Ag Fer| (M5 (€))g.

Then, above equation can be represented as

Fy(&¢) = q"(-Mz ())(Fe —Tia (A1 +Ce) ' Fe)T Agr

(Fer — rgg,(Agl + Ce)'Fe) — F,}(Agl +C¢) ' F;
+FS (A + Co) T Ce(AL + Ce) T F) (51 (6)) g

Niaparast and Schwabe (2013) showed that the directional derivative Fiy (€, &’) is linear
in &. Therefore it suffices to consider one-point design &, which assign all m obser-
vations to one setting x. For such one-point designs the directional derivative reduces

to

= ¢ (-M5 ()(f(2) - F/ (A" + Ce) " e o)mpu(z)
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(f(z) = FI (A7 4+ Ce) rees)” —FL(A + Ce) 7 'Fe
+FE (A + Co) 7' Ce(AL ! + Co) T Fo))(M5 1 (€)a
= d(z,) — " Mg" (g +q" M5 ()
[FE(A; + Co) 'Ce(A T + Ce) 7' FelM5 ' (€))g.
According to the general equivalence theorem a design £* is optimal, if and only if
Ve € X; Fy(£*, &) > 0.

Hence &* is E-optimal if

d(z, &) < "M (€ )g—q" MG (&)
[F{(AL + Cee) ' Ce- (AL + Ce-)'Fe M5 (€9))q.
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