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Abstract: The use of statistical distributions for modeling, specifically evaluating the
similarity between two probability distributions using various divergence measures, has
recently attracted the attention of many of researchers to measure in context of ma-
chine learning. Given the importance of the topic, this article introduces several the
divergence criteria, including Kullback-Leibler divergence, total variation divergence,
alpha divergence, and power divergence, and computes the divergence parameters for
two normal distributions. The parameters are estimated using both maximum like-
lihood and Bayesian methods. In the Bayesian approach, a conjugate distribution is
used as the prior, taking into account the behavior of the parameters. Finally, the
estimation methods for two normal distributions are evaluated bsased on the mean
square error criterion.
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1 Introduction

Comparison of different methods of estimators of the divergence criterion in a family
of statistical distributions is an important issue in the comparison of statistical distri-
butions for data analysis and selection of statistical models. It is possible to examine
the similarity between distributions using the Kullback-Leibler (KL) divergence cri-
terion, which was first introduced by Kullback and Leibler (1951). This criterion is
known as one of the basic criteria for measuring the discrepancy between two prob-
ability distributions, which is widely used in various fields including metric learning,
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machine learning, network security, biology, medicine, finance, and statistical data
analysis Akaikei (1973). For more information, see the articles by Noh et al. (2018),
Moulin and Veeravalli (2019), Pardo (2019), Ji et al. (2020), Kog et al. (2024), Ugwu
et al. (2024), and Kaviani (2025). Ruding and Molapet Ding and Mullhaupt (2023)
introduced an empirical estimator for the squared Hellinger distance measure between
two continuous distributions and showed that the divergence estimation problem can
be solved directly using the empirical cumulative distribution function and there is no
need for an intermediate step of density estimation.

In the use of statistical distributions for data analysis and statistical modeling, there
are various criteria for measuring the similarity between two probability distributions.
For example, the KL divergence criteria, total variation divergence (TV-divergence),
alpha divergence, and power divergence can be mentioned Hellinger (1909). In the
application of these criteria, one of the important discussions is the estimation of
these criteria Pérez-Cruz (2008). The KL divergence is another fundamental measure
in information theory that indicates the degree of dissimilarity or relative distance
between two probability distributions P(x) and Q(z). This measure determines how
much information is lost or added. To introduce it, if a distribution such as Q(x) is
used for modeling instead of the true distribution P(z), the KL divergence formula is
written as:

DKL(PHQ)—/Rp(x)logZE:;;dx,

where p(z) and ¢(z) are the probability density functions of the distributions P(x)
and Q(x), respectively. The KL divergence criterion is always non-negative, and if the
two distributions P(x) and Q(x) are identical, the value of KL becomes zero, and the
larger this value, the greater the difference between the two distributions, indicating
that using Q(z) instead of P(z) leads to more information loss.

Other methods in this field include TV-divergence, alpha divergence, and power
divergence. Each of these measures has specific properties that can be useful in different
applications. TV-divergence is a simple measure that measures the total difference
between two distributions.

Alpha divergence and power are also measures that, based on different parameters,
can measure different types of inconsistency between distributions. In this article,
while introducing the KL divergence measures, TV-divergence, alpha divergence, and
power divergence, and for assessing the similarity between two normal distributions,
parameter estimation of the measures using maximum likelihood (ML) and Bayesian
methods is presented. In Section 2, the divergence criteria are calculated for two normal
distributions. In Section 3, the criteria estimators using ML and Bayesian methods are
discussed. In Section 4, the estimators are compared using simulation with mean square
error criterion.

2 Divergence criteria

In this section, the KL divergence criteria, TV-divergence, alpha divergence, and power
divergence are introduced for two normal distributions with probability density func-
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tions p(x) and g(x) respectively,
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2.1 The KL divergence criterion
The KL divergence between two probability distributions P(z) and Q(X) is given by

D1 (PlIQ) = /R (2)log Exgdx

Such that with considering the equations relations (1) and (2), can be written
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In the special case for 0? = 03 = 1, D(P||Q) is given by
p(x) 1 2
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2.2 total variation divergence criterion

The TV-divergence between two distributions P(z) and Q(x) is given by

Drv(PlIQ) = 3 [ Iple) — a(w)las

By using of the (1) and (2), Drv (P||Q) can be written

1

Drv(PlR) = 5 [ Ibte) — atwlds
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2.3 Alpha divergence criterion

is given by

The alpha divergence between two probability distributions P(x) and Q(x) is given by
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Therefore, the alpha divergence criterion is equal to
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2.4 Power divergence criterion

The power divergence between two probability distributions P(x) and Q(x) is given by

oo A
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Lemma 2.1. If we consider « = A = 3, then the alpha divergence criterion is equal to
the power divergence criterion

Proof.
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3 Estimation of divergence criteria

In this section, divergence criteria are estimated using ML and Bayesian methods. For
this purpose, samples of (X1,...,X,) and (Y1,...,Y,) with of equal sizes are selected
from normal N(u1,1) and normal N(usg,1) distributions, respectively.

3.1 Maximum likelihood estimation

According to the equation (3) for two normal distributions with means p; and ug for
unit variances with random samples (X1,...,X,) and (Y1,...,Y,), the KL divergence
for ML estimators of the means of the two normal distributions is equal to

A 1, 1, N 12 1 = -
Dkz(PHQ):yﬁ"‘iN%—ﬂluzz§X2+§Y2—XY~ (4)

Similarly, the estimators of the TV-divergence criteria, alpha divergence, and power
divergence are respectively equal to
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3.2 Bayesian estimation

In this section, we will use Bayesian estimates of divergence criteria with respect to
a random sample (X1,...,X,) from N(uj,1) for the Bayesian record, with the prior
2

distribution 7(uy) = \/%e*%l, —00 < 1 < 00, the posterior distribution is equal to

k) ~ v (21 ). ®

Similarly, for a random sample (Y7,...,Y,) from N(uz2,1) with prior distribution

2
m(p2) = \/%e’%z, —00 < pg < 00, the posterior distribution is equal to

aly) ~ N (E2E ). )

n+1l n+1
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According to relations (8) and (9), the Bayesian estimation of the parameters under
the squared error loss function is equal to

n = . n _
n+1 n+1

f = and flo =

By inserting fi; = nLH)_( and fis = HLHY in (4), (5), (6) and (7) of the Bayesian estima-
tor, the KL divergence criteria, TV-divergence, alpha divergence and power divergence
are respectively equal to
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Table 1: Bias and mean square error of the divergence estimator when o = 0.75,
A=0.5and pup = 1.5.

D (P[[Q) Dry (P[|Q) Do (P[[Q) DA(PQ)

n Bias MSE Bias MSE Bias MSE Bias MSE

H2

1.75| MLE [0.10085[0.03451]0.06860 [ 0.00717[0.56553 [ 0.47606 | 0.40351[0.23829
Bayes | 0.06373 | 0.02285|0.06310 | 0.00608 | 0.49251 | 0.35574 | 0.35618 | 0.18535
10| 2 | MLE [0.15787|0.06018 [0.06795|0.00706 | 0.66423|0.63582 | 0.40186 | 0.25420
Bayes | 0.02887|0.03938 | 0.06372 | 0.00625|0.61673 | 0.54093 | 0.38523 | 0.23079

1757 MLE [0.061360.01128 0.04826 [ 0.00367[0.42923 [0.28194]0.30307 | 0.14126
Bayes [0.03514|0.00907|0.04618|0.00337 | 0.39881 | 0.24137 | 0.28418 | 0.12429
20| 2 | MLE |0.11452]0.02620|0.04746 | 0.00357 | 0.49113{0.36520 | 0.28768 | 0.13411
Bayes|0.01580]0.02105 | 0.04590 | 0.00335 | 0.47146 | 0.33551 | 0.28231 | 0.12989

1757 MLE [0.0479270.00591[0.03920[0.00244]0.35565 [ 0.19630 [ 0.25035 | 0.09919
Bayes [0.02360 | 0.00509 | 0.03808 | 0.00230 | 0.33829 | 0.17667 | 0.23977|0.09112
301 2 | MLE |0.09428]0.01605 [0.03851 | 0.00236 | 0.40129|0.25049 | 0.23208 | 0.08925
Bayes |0.00998 | 0.01386 | 0.03768 | 0.00226 | 0.39068 | 0.23697 | 0.22978 | 0.08803

1.757 MLE [0.0440310.00491[0.03547[0.00196]0.32823 [0.16601 | 0.22907 | 0.08105
Bayes [0.02003 | 0.00438 | 0.03472{0.00188 | 0.31640 | 0.15316 | 0.22204 | 0.07609
40| 2 | MLE |0.08757]0.01379]0.03479|0.00189 | 0.36823 | 0.20698 | 0.21027 | 0.07007
Bayes |0.01006 | 0.01233 | 0.03425 | 0.00183 | 0.36085 | 0.19805 | 0.20877 | 0.06954

1757 MLE [0.03917]0.00344[0.03217[0.00160]0.29807 [ 0.13471]0.20839 | 0.06665
Bayes [0.01568310.00314|0.03162|0.00154 | 0.28920 | 0.12633 | 0.20313 | 0.06341
50| 2 | MLE |0.07893|0.01051|0.03153|0.00154 | 0.33389|0.16924 | 0.19046 | 0.05743
Bayes |0.00713]0.00962 | 0.03111 | 0.00150 | 0.32837 | 0.16360 | 0.18944 | 0.05721

1.75| MLE [0.0353810.00270[0.02883 [0.00128 [ 0.26841|0.11088 [ 0.18705 | 0.05418
Bayes|0.01305|0.00250|0.02839|0.00125 | 0.26144 | 0.10506 | 0.18292 | 0.05199
60| 2 | MLE |0.07128|0.00855 |0.02822|0.00123 |0.29908 | 0.13775|0.16966 | 0.04567
Bayes |0.006120.00794 | 0.02788]0.00121 [ 0.29458 | 0.13392 | 0.16872 | 0.04561
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Table 2: Bias and mean square error of the divergence estimator when o« = 0.5, A = 0.5
and p; = 1.

D (P[lQ) DTV(PH ) (PHQ) D/\(PHQ)
n | la Bias MSE Bias MSE Blas Bias

1.2 TMLE [0.09616 [ 0.03153(0.06865 [ 0.00718 [0.41013 028314 0.2734270. 12584
Bayes |0.06822]0.02105 | 0.06299 | 0.00605 | 0.35253 | 0.20376 | 0.23502 | 0.09056
10|1.75| MLE |0.23804|0.10514|0.06667 | 0.00686 | 0.64894 | 0.60692 | 0.43263 | 0.26974
Bayes | 0.02665 | 0.07203 | 0.06442 | 0.00643 | 0.63744 | 0.57641 | 0.42496 | 0.25618

1.2 T MLE [0.0544310.00955 [ 0.04835[0.00365 [ 0.31394]0.15946 | 0.20929 | 0.07087
Bayes |0.03765|0.00771]0.04621 | 0.00337 | 0.28976 | 0.13372 | 0.19318 | 0.05943
20|1.75| MLE | 0.17395]0.05193 [ 0.04610 | 0.00339 | 0.47085 | 0.33590 | 0.31390 | 0.14929
Bayes | 0.01489 | 0.04282] 0.04537[0.00329 | 0.46576 | 0.32828 | 0.31051 | 0.14590

1.2 TMLE [0.04071]0.00475]0.0392810.00245 [0.26098 | 0.10864 | 0.17398 [ 0.04829
Bayes |0.02534|0.00410|0.03812{0.00231 | 0.24699 | 0.09636 | 0.16466 | 0.04283
30(1.75| MLE | 0.14310]0.03358 | 0.03731 | 0.00223 | 0.38043 | 0.22598 | 0.25362 | 0.10043
Bayes |0.011440.02954 | 0.03692 | 0.00219 | 0.37889 | 0.22348 | 0.25259 | 0.09933

1.2 TMLE [0.03657]0.00384]0.03555 [ 0.00197[0.2425310.09348 | 0.16169 | 0.04155
Bayes [0.02131|0.00344|0.03476 | 0.00188 | 0.23279 | 0.08532 | 0.15519 | 0.03792
4011.75| MLE |0.132000.02868 | 0.03365 | 0.00177 | 0.34833 | 0.18495 | 0.23222 | 0.08220
Bayes | 0.00587|0.02596 | 0.03340 | 0.00174 | 0.34632 | 0.18279 | 0.23088 | 0.08124

1.2 1 MLE [0.03198]0.00261]0.03224[0.00161 [0.21968]0.07435 [ 0.14646 | 0.03304
Bayes |0.01699 | 0.00238 | 0.03167| 0.00155 | 0.21251 | 0.06909 | 0.14167 | 0.03071
50(1.75| MLE | 0.11923]0.02253 | 0.03047 | 0.00144 | 0.31524 | 0.15114 | 0.21016 | 0.06720
Bayes | 0.00638 | 0.02084 | 0.03024 | 0.00142 | 0.31406 | 0.15006 | 0.20937 | 0.06669

1.2 1 MLE [0.02851]0.00200 [ 0.02890 [ 0.001290.1983910.06160 [ 0.13226 [ 0.02738
Bayes [0.01395|0.00186 | 0.02845|0.00125 | 0.19274 | 0.05792 | 0.12849 | 0.02574
60|1.75| MLE | 0.10736 | 0.01840 [ 0.02723 | 0.00115| 0.28146 | 0.12236 | 0.18764 | 0.05438
Bayes|0.00484]0.01722]0.02702]0.00114 ]0.28015]0.12172|0.18677 | 0.05410

4 Simulation

In this study, based on the simulation of data from normal distributions, the perfor-
mance of ML and Bayesian estimators for the KL divergence criteria, TV-divergence,
alpha divergence, and power divergence are examined and compared. To evaluate the
estimator methods, while using bias and mean square error criteria,

1000

. > Dot (Pl

1000

mle(PHQ) mle(PHQ) mle( ||Q

1000

L (D7,Lle<p\|c2> Duic(PIIQ);)

1000 <

MSE (Dyue(P|Q))

An attempt has been made to measure the strengths and weaknesses of each method in
different conditions. The simulation results using different methods are given in tables
1 and 2. It is worth noting that the simulation steps were performed using R software
and the number of simulation iterations was increased to 1000 to obtain a more stable
and accurate estimate. According to the simulation results, it can be observed that

i. As the sample size increases, the mean square error of all estimators of the divergence
criterion decreases.

ii. Bayesian estimators of the KL divergence criterion, TV-divergence, alpha diver-
gence, and power divergence perform better than ML estimators.
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iii. Considering the mean square error criterion, the TV-divergence criterion performs
better with respect to estimator methods compared to other divergence criteria.

iv. In conclusion, it can be said that the use of the Bayesian estimator causes a signif-
icant reduction in the mean square error.

v. The TV-divergence measure estimator perform better than other measures.

vi. For a fixed mean value of p;, with increasing the ps, the divergence measure of all
estimators increases.
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