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Abstract: The COVID-19 pandemic has unfolded in multiple waves across Iran, pre-
senting complex challenges for public health management. Accurate modeling of active
cases is essential for understanding transmission dynamics and guiding interventions.
This study aims to investigate the progression of active COVID-19 cases across six
epidemic waves in Iran using statistical, machine learning, and mathematical models
to estimate key transmission rates and evaluate model performance. Models including
autoregressive integrated moving average, multilayer perceptron, Holt-Winter, trigono-
metric seasonal, Prophet, and Bayesian structural time series were evaluated using root
mean square, mean absolute, and mean absolute percentage errors. Mathematical ap-
proaches were applied to estimate transmission rates: infected to active, active to
recovered, and active to death. Comparative performance was assessed across all six
waves. Model performance varied by wave and variable. Multilayer perceptron and
Bayesian structural time series showed superior accuracy for infected and active cases,
respectively, while autoregressive integrated moving average excelled in predicting re-
coveries and deaths. Felberg consistently outperformed other models in estimating
death cases. Transmission rates revealed that infected to active peaked during the
third and fourth waves and declined post-vaccination. The fifth wave showed increased
active to recovered and reduced active to death, indicating improved recovery and re-
duced mortality. Combining statistical, machine learning, and mathematical models
offers a robust framework for analyzing COVID-19 dynamics. Transmission rate es-
timation provides actionable insights for epidemic control, highlighting the impact of
vaccination and public health compliance on disease progression.
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1 Introduction

The COVID-19 pandemic, caused by the SARS-CoV-2 virus, was first identified in
Wuhan, China, and rapidly spread across the globe. This respiratory illness presents
with symptoms such as fever, cough, and shortness of breath, and in severe cases
can lead to pneumonia, acute respiratory distress syndrome, renal failure, and death.
On January 30, 2020, the World Health Organization (WHO) declared COVID-19
a global public health emergency (World Health Organization, 2020). In Iran, the
first confirmed case was reported in Qom Province on February 19, 2020, followed by
rapid transmission in Gilan, Markazi, and Tehran provinces. In response, the National
Corona Committee and provincial task forces were established to manage and contain
the outbreak (Ministry of Health and Medical Education of Iran, 2020; World Health
Organization, 2019).

Throughout the six waves of the pandemic in Iran, tracking the number of active
cases-defined as individuals currently infected, whether symptomatic or asymptomatic-
has been critical for public health decision-making. Active cases are calculated by
subtracting recoveries and deaths from the total confirmed cases. This metric is essen-
tial for early detection and prevention of communicable diseases and serves as a key
indicator of epidemic dynamics (Ghazanfari et al., 2024).

Several studies in Iran have explored the use of statistical and mathematical models
to forecast COVID-19 trends. Talkhi et al. (2021) compared time series models and
found that the multilayer perceptron (MLP) and Holt-Winter models yielded the lowest
prediction errors for confirmed cases and fatalities (Talkhi et al., 2021). Pourghasemi
et al. (2020) conducted a comprehensive study involving regression analysis, spatial
modeling, risk mapping, and machine learning techniques such as random forest to
assess COVID-19 mortality and transmission patterns (Pourghasemi et al., 2020). Ze-
roual et al. (2020) evaluated six deep learning models-including long short-term mem-
ory (LSTM), bidirectional-LSTM (Bi-LSTM), Convolutional-LSTM (Conv-LSTM), Bi-
Conv-LSTM, gated recurrent unit (GRU), and Bi-GRU-for predicting new cases and
deaths using datasets from Iran and Australia (Zeroual et al., 2020).

Active Cases indicate the total number of individuals infected with COVID-19,
including both symptomatic and asymptomatic cases, identified through self-reporting
or testing. This figure plays a crucial role for health policymakers in assessing the
ongoing progression of the disease. It can be determined by subtracting the number
of deaths and recoveries from the total confirmed cases, which is important to early
diagnosis of commutable diseases as first pathway of prevention (Solanki et al., 2022).

Given the importance of active case dynamics in epidemic control, this study aims
to investigate the effectiveness of statistical and mathematical models in estimating
the transition rates from active cases to recoveries and deaths across six distinct waves
of COVID-19 in Iran. The findings may provide valuable insights for policymakers to
enhance disease prevention and control strategies.
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2 Materials and methods

2.1 Data cxollection

COVID-19 case data were obtained from official Iranian health sources, including daily
counts of infected, active, recovered, and death cases. The dataset spans six epidemic
waves from February 27, 2020, to March 19, 2022, and reflects national-level reporting
across all provinces.

2.2 Data preprocessing

To ensure model reliability, the dataset was preprocessed by handling missing values
using linear interpolation. For each wave, the data were split into training (80%) and
testing (20%) subsets to evaluate model generalizability. Time series normalization
and smoothing techniques were applied where necessary to reduce noise and improve
convergence in machine learning models.

2.3 Modeling techniques

To estimate and compare the dynamics of infected, active, recovered, and death cases, a
combination of statistical, machine learning, and mathematical models was employed:
e Statistical Models:

— ARIMA (AutoRegressive Integrated Moving Average)

— Holt- Winter exponential smoothing

— TBATS (Trigonometric, Box-Cox, ARMA, Trend, and Seasonal components)

— Prophet (developed by Facebook for time series forecasting)

e Machine Learning Models:

— MLP (Multi-Layer Perceptron)

— Hybrid-e (ensemble-based hybrid model)

— BSTS (Bayesian Structural Time Series)

— NNETAR (Neural Network AutoRegressive model)

— ELM (Extreme Learning Machine)

e Mathematical Models:

— Rang-Kutta Felberg method for numerical solution of differential equations,

— TACR minimum optimization model, a modified three-dimensional SIR-based frame-
work representing (Infected—Active Case—Recovered) dynamics. This model captures
the transmission behavior of SARS-CoV-2 by estimating key transition rates between
compartments.

2.4 Performance metrics

Model performance was evaluated using three standard metrics:
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where y; represents the actual value and ¢; the predicted value at time 7. These metrics
were computed separately for training and testing datasets to assess model accuracy
and robustness.

A brief overview of these models is provided:

MAPE

1. Neural Network Auto Regression Model (NNETAR): A statistical learning
and a parametric non-linear model named Neural Network Auto Regression Model that
used in forecasting problems (Sena and Nagwani, 2016).

2. Auto-Regressive Integrated Moving Average Model (ARIMA): The ARIMA
method, introduced by Box and Jenkins, is renowned and extensively applied in time
series modeling (Yonar et al., 2020). ARIMA offers two advantages: The first is its high
interpretability, and the second is maximize prediction accuracy (Papastefanopoulos et
al., 2020). These models consist of three combination components: the auto-regressive
(AR) model, the moving average (MA) model, and a white noise process.

3. Hybrid model: In R software, there are suitable functions for ensemble fore-
casts. Within the 'forecast Hybrid’ package, default ensemble forecasts are created by
combining forecasts from auto.arimal(), ets(), thetaf(), nnetar(), stlm(), thats(), and
snaive() using equal weights. Alternatively, weights can be determined based on in-
sample errors as proposed by Bates and Granger (1969) or through cross-validation.
Cross-validation is employed to assess model accuracy and is compatible with user-
defined models and forecasting functions.

4. Holt-Winter (HW): The Holt-Winter model, also known as triple exponential
smoothing, is employed for forecasting in univariate time series data (Papastefanopou-
los et al., 2020). This model is simple and easily automated that does not need high
data-storage requirements. The HW is well-suited for short-term forecasting and uti-
lizes the maximum likelihood function to estimating parameters (Awajan et al., 2018).

5. Bayesian Structural Time-Series (BSTS): BSTS constructs analytical models
by incorporating prior distribution (prior experience) and observed data (likelihood
function). The final Bayesian model is derived by multiplying the prior distribution
with the likelihood function to form the posterior distribution (Jun, 2019).

6. TBATS model: The acronym BATS represents the key components of the method,
including Box—Cox transform, ARMA errors, Trend, and Seasonal components (Pa-
pastefanopoulos et al., 2020). The TBATS model is created by substituting the seasonal
components in the BATS model with a trigonometric seasonal formulation, (De Livera
et al., 2011). This model has some advantages. Firstly, it is computationally efficient
for maximum likelihood estimations and can effectively decompose complex seasonal
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time series. Secondly t encompasses a wide parameter space, leading to improved
forecasting capabilities and the ability to handle nonlinear characteristics present in
real-world time series data (Papastefanopoulos et al., 2020).

7. Prophet: This time series forecasting model is specifically tailored to address busi-
ness time series challenges. It incorporates the three primary components of time series
data (trend, seasonality, and holidays) within a decomposable framework to enhance
forecasting accuracy. Generally, the model employs a saturating growth model and a
piecewise linear model to predict trends effectively (Papastefanopoulos et al., 2020).
The related forecasting tool is available in R that called prophet.

8. Multi-Layer Perceptron (MLP): The MLP, a neural network model inspired
by the biological neuron model, is structured with a minimum of three layers com-
prising inputs, weights, biases, and an activation function that generates the output
(Parhizkari et al., 2020).

9. Extreme Learning Machines (ELM): This algorithm is known for its rapid
learning capabilities in single hidden layer feed-forward neural networks. This method
has two benefits, the first is high learning speed due to reducing the training time and
the second is improving the generalization performance (Pontoh et al., 2020). The ini-
tial weights and biases of the hidden layer are randomly assigned without fine-tuning,
and the least squares method resolves the global optimization to determine the output
weights of the hidden layer (Lai et al., 2020).

10. Susceptible-Infected-Recovered (SIR): The SIR compartmental model is a
mathematical representation of infectious disease dynamics that partitions the popula-
tion into three distinct groups. Susceptible (S) denotes individuals who have not been
infected by COVID-19 or are susceptible to reinfection. Infected (I) represents those
currently infected, and Recovered (R) includes individuals who have either recovered or
succumbed to COVID-19. The model is characterized by a set of differential equations
in Supplement 1. The SIR model operates under the assumption of a uniform and con-
sistent population, with its behavior dictated by the parameters 8 (transmission rate)
and v (recovery rate). In this model, each infected individual comes into contact with
B people. As only susceptible individuals can contract the infection, the likelihood of
encountering a susceptible person is determined by the proportion of susceptible indi-
viduals in the total population, denoted as N = S + I + R. Additionally, at each time
step, a fraction A of the infected population transitions to the recovered state within
the system (Vega et al., 2022).

11. Infected-Active Case-Recovered (IACR): It is an adjusted model of SIR (by
defining a = 0 due to S (t) being unknown) that active and death cases are added in.
Active case (AC) is the current number of people confirmed to be infected by COVID-
19 but not recovered or dead yet and their situation is indeterminate. It represents an
important metric for Public Health and Emergency response authorities, when assessing
hospitalization needs versus capacity. Also, death (D) is patients died from the COVID-
19. In this model is assumed that the recovered people have an infection possibility
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by COVID-19 at any time. The differential equations of this model is defined due to
Figure 1 and demonstrated in Supplement 1, where n, Aand ¢ parameters is related to
infected, active case, and death rates respectively.

a S(t) Infected '?" (t}
)

Y

Death
D(t)

Figure 1: diagram of IACR dynamic model.

The purpose of current study is to compare infected, recovered, and death rates
in COVID-19 pandemic active cases in Iran estimated by statistical, machine learning
and mathematical models. This pandemic is consisted of six waves so far, which the
first one started from 27th February 2020 and the sixth one ended on 19th March 2022.
One of the most useful mathematical models in study epidemics is TACR model, faced
every population nowadays. There are two methods to estimate IACR components
that are Rang-Kota Felberg method and minimum optimization.

In the First estimation way, we shall apply Rang-Kota Felberg method (Butcher,
2016) to obtain the solution of IACR differential equation in Supplement 1 by a simula-
tion in R (R Core Team, 2026) with deSolve package. This package resolves differential
equations’ initial value problems and is available in CRAN database (Soetaert et al.,
2010a,b). The obtained answer of IACR differential equation is considered as an es-
timate of its components. In the second method, the parameters of IACR differential
equation are estimated by minimum optimization problem in Supplement 4 that the
solution is the parameters 7, A, §. The optimization is done by the constroptim() func-
tion of the stats package that installed in the R software base automatically (Lange,
2001). This function minimizes a subject function to linear inequality constraints us-
ing an adaptive barrier algorithm in Supplement 4. The solution of this optimization
problem is presumed as components of IACR.

In this study, a dataset is calculated from worldometers database (https://www.worl
dometers.info/coronavirus/country/iran) to survive the status of COVID-19 pandemic,
contained of infected, dead, recovered and active cases caused by this infection in Iran.
There are nine models is explanted in Section 2 and their results will be compared
with Rang-Kota Felberg method and IACR minimum optimization estimation. These
outputs will be demonstrated and interpreted in the Section 3 (Al-Qaness et al., 2020).
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3 Results

The analysis was conducted using Iran’s COVID-19 dataset spanning six epidemic
waves between February 27, 2020, and March 19, 2022. The dataset was split into train-
ing (80%) and testing (20%) subsets. Various statistical and machine learning models
were evaluated based on performance metrics including RMSE, MAE, and MAPE.The
optimal model for each wave and parameter (infected, active, recovered, death) was
selected based on the lowest values of RMSE, MAE, and MAPE. These models were
then compared with two mathematical approaches: The Rang-Kutta Felberg method

and the ITACR minimum optimization model.

Table 1: Comparative performance of statistical, machine learning, and mathematical

models across six COVID-19 waves

Training Data

Testing Data

Wave Variables Models | RMSE MAE MAPE] RMSE MAE MAPE
1 TInfected MLP 159.55 125.78 10.23 | 155.21 155.21 11.19
Felberg | 685.44  2226.10 184.04| 318.87 508.39 42.58
Optim 598.98  1968.94 137.05| 462.19 607.50 40.84
Active BSTS 662.89 543.79  7.71 | 980.11 650.12 4.72
Felberg | 5342.74 14906.37 91.88 | 2699.30 3922.44 26.75
Optim | 17623.92 13771.46 87.76 | 4129.10 4352.95 22.74
Recovered ARIMA | 325.15 241.99 58.07 | 414.12 382.54 23.41
Felberg | 876.56  1530.49 103.46| 274.82 377.13 26.99
Optim 893.46  1061.08 77.53 | 257.03 278.17 17.31
Death ARIMA | 10.93 8.33 12.48 | 18.743  16.32 18.92
Felberg 3.09 9.13 11.31 1.49 2.47 2.83
Optim 38.35 40.99  41.72 | 11.85 12.13 12.22
2 Infected HW 157.05 128.09  5.36 | 177.73 13437 7.27
Felberg | 864.67 3397.70 141.96| 436.43 855.68 35.04
Optim 508.50  1175.39 47.55 | 444.20 536.98 21.26
Active TBATS | 276.26 219.32  0.85 | 293.50 236.51 0.78
Felberg | 8430.41 33748.34 129.05| 4365.03 8603.99 32.43
Optim 9246.65 34514.56 129.60 | 4294.30 7674.32 28.50
Recovered ARIMA | 209.75 153.48  6.57 |270.2811 236.76 11.78
Felberg | 788.89  2994.12 132.18|413.6160 786.53 33.26
Optim 512.14  1857.90 86.25 |257.0098 446.88 19.94
Death Prophet | 14.15 11.12 7.03 | 18.52 16.26  13.91
Felberg 5.05 17.94  10.33 | 2.56 4.47 2.52
Optim 23.00 81.66 50.36 | 10.94 18.21  11.06
3 Infected Hybrid-e| 397.96 296.59  4.21 | 227.37 188.98 2.99
Felberg | 2512.85 11525.69 155.22| 1195.38 2744.65 39.56
Optim 3975.41 19057.41 257.22|2092.20 4574.33 62.68
Active Hybrid-e| 1650.80 1248.28  0.84 [19324.90 14858.46 9.82
Felberg |35497.98 170963.57 119.45|17102.87 39983.83 29.18
Optim |149057.83 307075.09 188.47(54451.08 71149.13 48.21
Recovered Prophet | 528.83 412.11 7.83 | 1131.82 936.25 14.80
Felberg | 1648.03 7770.82 122.78| 789.24 1809.04 30.08
Optim 5709.36  12097.32 174.31|1833.70 2680.51 41.52
Death TBATS 21.33 16.16 6.29 | 29.04 26.15 31.82
Felberg 4.62 18.70 6.35 2.31 4.73 1.67
Optim 118.87 129.91 59.70 | 17.21 2221 13.74
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Continuation of Table 1.

Training Data Testing Data

Waves Variables Models RMSE MAE MAPE] RMSE MAE MAPE

4 Infected TBATS 1929.09 1529.38 11.45 | 2046.17 1755.51 22.21
Felberg 3190.00 11140.00 73.48 | 2220.00 3830.00 21.33

Optim 5990.42 23618.39 171.29| 3961.48 6820.91 39.25

Active MLP 1811.91  1480.90 0.41 | 5529.72 4690.15 1.60
Felberg | 57100.00 240000.00 68.20 | 26810.00 53280.00 15.81

Optim 89321.88 372662.30 104.18|141696.82 140984.12 39.03

Recovered ARIMA | 104550 790.62  6.09 | 2160.97 1961.00 12.99
Felberg 2270.00  9390.00 70.34 | 1210.00 2230.00 16.73

Optim 2318.33 9703.40 73.11 | 3696.54 3651.93 26.96

Death ARIMA 37.28 28.34  11.77 | 45.67 41.72  23.85

Felberg 0.89 3.04 1.16 0.46 0.78 0.29
Optim 23.28 90.04 39.19 | 39.48 41.07  19.50
5 Infected MLP 2608.27 1899.02 12.33 | 4142.22 3934.37 55.65

Felberg 6510.00 23600.00 128.53| 4092.00 8435.00 36.13
Optim 11210.10 19300.67 120.17|11161.52 12652.75 50.43
Active BSTS 6850.98 4548.39  0.99 | 8524.11 7926.513 16.17
Felberg |103000.00 517500.00 177.40 | 57260.00 147900.00 39.05
Optim 206507.70 989497.63 311.98|288157.55 448380.28 109.61
Recovered HW 1354.33 1039.18 495 | 3477.06 3081.25 62.21
Felberg 5340.00 28010.00 181.22| 2850.00 7520.00 40.42
Optim 9603.85 42524.67 257.73|13022.99 19232.26 101.42
Death NNETAR| 28.81 21.03 6.85 37.65 34.40  61.06

Felberg 1.56 6.53 2.39 0.98 2.51 0.60
Optim 73.37 179.70  97.68 | 151.11 143.92  60.58
6 Infected MLP 3697.30 2746.44 18.99 | 5733.23 5271.48 60.96

Felberg 8120.00 17000.00 73.90 | 4039.21 4263.00 17.46
Optim 11711.46 18265.48 87.31 | 1466.67 1563.99 12.78
Active Holt- 5633.11 457259 1.90 | 6632.70 5049.71  2.68
Felberg | 48030.00 131900.00 46.99 | 23970.36 309280.00 11.08
Optim 85179.37 183475.47 73.57 |111872.67 87536.59 37.86
Recovered MLP 3388.49  2666.58 17.89 | 4128.36 3432.35 32.67
Felberg 3580.00 8730.00 53.51 | 1910.06 2287.00 13.07
Optim 3381.50 7290.54 56.42 | 4990.41 4270.60 26.56
Death TBATS 18.33 14.17  13.92 | 34.38 31.48  35.00
Felberg 0.33 0.89 0.58 0.18 0.23 0.14
Optim 33.11 43.78  27.03 | 84.02 44.28  26.56

In the first wave:
1. MLP was the best model for estimating infected cases.
2. BSTS performed best for active cases.
3. ARIMA was optimal for recovered and death cases.

Across all waves, the Felberg model consistently outperformed others in estimat-
ing death cases. However, for other IACR components (infected, active, recovered),
the best-performing model varied by wave due to differences in performance metrics.
Figures 2 and 3 illustrate this comparison across epidemic peaks.

Transmission rates were calculated using mathematical models only. Based on
performance:
1. The Felberg model was selected to estimate the transmission rate from active to
death cases ().
2. The TACR minimum optimization mode was used to estimate transmission rates
from active to recovered (M) and infected to active cases (). For example, in the first
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wave:
1. n=0.1: 10% of infected individuals transitioned to active cases daily.

2. A =0.04: 4% of active cases recovered daily.
3. 6 =0.008: 0.8% of active cases resulted in death daily.
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Figure 2: The estimation comparison of best statistical and mathematical model with Rang-Kota
Felberg and IACR minimum optimization models in the sixth wave: Waves 1-3.

Table 2 summarizes transmission rates across all six waves. The third and fourth
waves exhibited the highest () rate (9%), which declined significantly following vacci-
nation efforts. In contrast, the sixth wave showed a resurgence in cases due to reduced
compliance with health protocols. The impact of vaccination is evident in the fifth
wave, where (\) increased and (d) decreased, reflecting improved recovery and reduced
mortality. Additionally, virus type and incubation period influenced transmission dy-
namics, particularly in asymptomatic cases.
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Figure 3: The estimation comparison of best statistical and mathematical model with Rang-Kota
Felberg and IACR minimum optimization models in the sixth wave: Waves 4-6.

Table 2: Transmission Rate of parameters in the mathematical models.
Wave A 0
0.10 0.04 0.008
0.006
.002
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4 Discussion

The COVID-19 pandemic has underscored the critical role of predictive modeling in
understanding disease dynamics and informing public health strategies. In Iran, the
progression of six distinct epidemic waves between 2020 and 2022 provided a unique op-
portunity to evaluate the performance of statistical, machine learning, and mathemat-
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ical models in forecasting active cases, recoveries, and fatalities. Recent studies have
demonstrated the effectiveness of hybrid modeling approaches. Lotfi et al. (2022) de-
veloped a robust optimization model using regression techniques to forecast COVID-19
trends in Iran, achieving superior accuracy compared to traditional smoothing methods.
Similarly, Davarian et al. (2025) proposed a multigroup epidemic model incorporating
optimal control strategies to reduce asymptomatic and symptomatic transmission, val-
idated using provincial data from Isfahan, Fars, and Khorasan-Razavi. Deep learning
models have also shown promise. Abdollahi et al. (2021) compared LSTM, ARIMA,
and Prophet models, concluding that seasonal artificial neural networks and LSTM
yielded the lowest error rates in predicting new cases and deaths. Zeroual et al. (2020)
extended this work by benchmarking six deep learning architectures, including Bi-
LSTM and Conv-LSTM, for time series prediction in Iranian and Australian datasets.
From a spatial perspective, Pourghasemi et al. (2020) utilized random forest algorithms
to generate risk maps and forecast mortality trends, highlighting regional disparities in
transmission and healthcare capacity. Ghasemi et al. (2024) applied statistical model-
ing to mortality data across epidemic phases, identifying ARIMA and cubic regression
as optimal predictors.

The current study builds on these findings by comparing statistical and machine
learning models with mathematical frameworks such as the Rang-Kutta Felberg and
TACR minimum optimization methods. The Felberg model consistently outperformed
others in estimating death cases across all waves, while the TACR model provided more
accurate estimates for recovery and infection transitions. These results are consistent
with the work of Lotfi et al. (2022), who emphasized the importance of model robust-
ness under parameter uncertainty (Lotfi et al., 2022). Transmission rates- 1 (infected
to active), A (active to recovered), and § (active to death) - were computed using
mathematical models. The third and fourth waves exhibited the highest 1 values (up
to 9%), reflecting rapid transmission prior to widespread vaccination. In contrast, the
fifth wave showed increased A\ and reduced ¢ rates, indicating improved recovery out-
comes due to vaccination efforts. This aligns with findings by Ghazanfari et al. (2024),
who modeled the burden of COVID-19 and demonstrated the impact of policy interven-
tions on mortality reduction . These quantitative findings on transmission and outcome
rates have direct implications for public health policy. The marked drop in ¢ (active
to death) during the vaccination campaign provides strong, model-based evidence for
the life-saving impact of vaccination, underscoring the need for sustained and equitable
vaccine rollout. Furthermore, the high 7 (transmission) rates observed prior to vac-
cination highlight the critical window for implementing stringent non-pharmaceutical
interventions during future epidemic waves. Public health officials can use such model-
derived parameters to calibrate the timing and intensity of interventions, optimizing
resource allocation between treatment centers and preventive measures.

The resurgence in the sixth wave, attributed to reduced compliance with health pro-
tocols and the emergence of new variants, highlights the need for adaptive modeling.
Studies by Vega et al. (2022) emphasized the importance of integrating epidemiological
mechanisms with machine learning approaches to improve predictive model respon-
siveness. Finally, the integration of multiple modeling approaches-statistical, machine
learning, and mathematical-offers a comprehensive toolkit for epidemic analysis. As
shown by Papastefanopoulos et al. (2020), hybrid forecasting approaches combining
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statistical and machine learning models can improve prediction accuracy and support
real-time decision-making. Despite the insights provided, this study has several lim-
itations. The accuracy of all models is contingent on the quality and granularity of
the underlying epidemiological data, which may be affected by under-reporting or di-
agnostic capacity variations across different waves and provinces. Furthermore, the
mathematical models rely on assumptions of homogeneity and constant parameters
within each wave, which may not fully capture complex, real-time human behavioral
dynamics or sub-population heterogeneity. Future work would benefit from integrating
real-time mobility data, socioeconomic factors, and genomic surveillance data to refine
parameter estimation and improve model fidelity.
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Appendix

Supplement 1

s —psmI)
dat N
I BSMI(t)
dR
P vI(t)
Supplement 2
ds
E = _aS(t)v
dI
E = aS(t)_nI(t)v
T~ ()~ (4 9)Aclr),
dD
E = (SAC(t),
ar- AAc(t)

dt
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Supplement 3

This function minimizes a subject function to linear inequality constraints using an
adaptive barrier algorithm. Hence, the constants of subject function are 1 > 1, > 0:

minZZ <Xi(tj) —Xilty-) _ (Fi(tj).X(tj)-’wk)> : k=1,....4,

ti—tj 1

where the state variables is X (t) = (I(t), AC(t), R(t), D(t)), ¥x = (n, A, 0) and F(t) =
% g5 )
T ’ ) .




