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Abstract: Understanding the asymptotic behavior of the sample variance is important
in statistical theory and inference. While classical results provide chi-square limiting
distributions for continuous populations, discrete random variables often exhibit non-
classical behavior, complicating both theoretical analysis and practical applications. In
this paper, we propose a decomposition of the sample variance for discrete random vari-
ables into two theoretically tractable components, enabling a finer characterization of
their stochastic structure. We derive the asymptotic distributions of these components
under a specific condition, revealing that certain components converge to chi-square
laws - a phenomenon previously observed only in Bernoulli and binomial models with
success probability one-half. Extensive Monte Carlo simulations confirm the accuracy
of the theoretical approximations and demonstrate their relevance even for moderate
sample sizes. These results provide new insights into the interplay between discrete-
ness, variance decomposition, and asymptotic behavior, extending classical chi-square
asymptotics to a broader class of discrete models.

Keywords: Binomial distribution; Chi-square distribution; Discrete random variable;
Limiting distribution; Moment.
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1 Introduction

Among fundamental summary statistics, the sample variance plays a central role as
a measure of dispersion. Its exact distribution is well understood under normality,
but for non-Gaussian populations the distributional behavior becomes considerably
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more complex. In such settings, higher order moments of the underlying distribution
influence the asymptotic form of the statistic, and classical chi-square approximations
may fail to hold (Kendall and Stuart, 1977; Lehmann and Casella, 1998). Consequently,
a substantial literature has examined the asymptotic properties of the sample variance
under broader distributional frameworks.

Discrete random variables appear in numerous statistical applications, including
count data analysis, reliability studies, epidemiology, and categorical modeling. Their
intrinsic lattice structure and lack of smoothness pose analytical challenges that distin-
guish them from continuous models. These features may invalidate standard asymp-
totic arguments or give rise to nonclassical limiting distributions for statistics commonly
used in practice (Johnson et al., 2005).

Several studies have shown that discreteness can fundamentally alter limiting be-
havior. Ma et al. (2011) demonstrated that sample quantiles of discrete distributions
may exhibit non Gaussian or even discrete limit distributions, contrasting sharply with
classical asymptotic theory. Such results emphasize that traditional arguments cannot
be directly transferred to discrete settings; structural characteristics of the distribution
must be taken into account.

Nevertheless, classical limits may reappear in discrete models when particular sym-
metry conditions are met. Serfling (1980) established asymptotic normality for the
sample variance of discrete random variables under mild moment assumptions. More-
over, as a consequence of the second order delta method, it has been shown that for
Bernoulli random variables with success probability p = 1/2, an appropriately normal-
ized sample variance converges to a chi square distribution; see Van der Vaart (2000).
A comparable outcome holds for the binomial distribution under the same symmetry.
These findings indicate that, despite the inherent discreteness of the underlying models,
classical chi-square limits may arise when sufficient structural balance is present.

Motivated by these observations, the present paper studies a decomposition of the
sample variance for discrete random variables into two analytically tractable compo-
nents. This representation facilitates a more detailed investigation of the stochastic
structure of the variance and serves as the foundation for deriving the limiting distri-
butions of the resulting components under a specific structural condition. Importantly,
the decomposition functions solely as a theoretical device and introduces no additional
modeling assumptions.

To evaluate the practical implications of the theoretical results, several approaches
exist for simulating dependent random variables, including joint-based techniques re-
cently applied by Le and Vargas (2025) for generating temporal and spatial data in
biological and environmental studies. In the present work, Monte Carlo simulations
are performed to assess the finite sample performance of the proposed asymptotic ap-
proximation. The simulation results confirm the accuracy of the limiting distribution
and demonstrate that the approximation performs well even for moderate sample sizes.

The remainder of the paper is organized as follows. Section 2 introduces the variance
decomposition and the underlying assumptions. Section 3 presents the main asymptotic
results for limiting distribution of sample variance. Section 4 reports simulation studies,
and Section 5 concludes with a discussion and directions for future research.
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2 Structure for discrete random variables

Let discrete random variable Y with probability model P(Y = a;) = s; and P(Y =
ag) = So2; $1+ s2 = 1, a1 and ag # 0. We rewrite this variable as follows

Y = a1X1 —|— ag(l — Xl),

where Xy ~ B(1,p1) and s1 = p1, s =1—p1 = q1.

In the case in which Y takes values a1, as, and as with probabilities sy, s2, and
s3, respectively, it can be represented in terms of two independent Bernoulli random
variables:

Y = a1X1 + a2(1 — Xl)XQ + Cl,3(1 - X1)<1 - XQ),

where Xy ~ B(1,p1) and Xo ~ B(1,p2) are independent and s1 = p1, s2 = ¢1p2, and
s3 = q1¢2. It is observed that the expressions formed as a sum of random variables
are not independent variables; for example, (1 — X1)Xs are not independent of (1 —
X1)(1 = X3) and for a binomial random variable B(n = 2,p = 1/2), equals to the
discrete random variable Y when a1 = 1, a3 =0, a3 =2 and s1 = 1/2, so = s3 =1/4;
to have a different representation: ¥ = X7 +2(1 — X7)(1 — X3). Although it becomes
troublesome in the calculations of the characteristics of this variable, the behavior of
the limit distribution of central moments, give a general result. Let Y be a discrete
random variable with the probability model

P(Y:ai):si, Z.:].,Q,‘..,k7
with Zle s;=1,8 >89 >+ > sk > 0. The i-th central moment is defined by

k
pi=E(Y —p)'] = sila; —p)'s i=1,2,....

j=1

Let X; ~ B(1,p;), it = 1,...,k — 1, be independent Bernoulli random variables with
q;i = 1 — p;. The random variable Y could be represented as follows

—a1X1+Z{a1X H (1-X —|—akH (1-X (1)

The corresponding probabilities are

P(Yz(ll) = P(Xlzl):slzpl,

P(Y=qa) = PX;=--=X,_1=0, X; =1) pZqu, i=2,... k-1,
k—1

P(Y=ay) = PXi==X1=0)=s.= ][
j=1

From solving the above equations, we have p; = s1, and p; = s;/(1 — ZZ ! 8j), @ =
1,2,...,k — 1. The mean of Y equals to

k—1
py =BE(Y)=aipi + zszQ7 +aquJ,
=2
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and the central moments are expressed as
pi = B —py)

k—1
= (a1 —py) P+
=2

Jj—1
(a; = uy)'p; [[ @
=1

k—1
tlar—p) [Jas i=12....
j=1

As an alternative representation of an arbitrary discrete random variable, define By =
X1, B = X;[[Z(1 - X;), i = 2,...,k— 1, and By = [[}_{(1 — X;). Then Y
could be expressed as Y = Zle a;B;, where the B;’s are Bernoulli random variables,
although they are not independent. We do not adopt this representation because
the corresponding moment calculations become complicated. Instead, we can use an
alternative structure, presented as follows.

By (1), since our analysis is centered on the component corresponding to the sym-
metry point where the success probability equals one half, we express the structure of
the discrete random variable in the form

k—2 k-1
(1 —Xl){ang +a3X3(1 — XQ) + -+ ak,le,l H(l - Xj) + ag H(l - XJ)}
Jj=2

Jj=2

w

where W is structured as the product of two independent random variables.

To simplify the notation for the remainder of this derivation, we denote the sequence
of Bernoulli variables and coefficients as X1, a; and pi, respectively, using X, a and
p where the indices are clear from the context. We define Y = aX + W, which is
formulated as the sum of two components, both of which involve the random variable
X. Notably, W vanishes when X = 1, which occurs with probability p. Furthermore,
E[XW] = 0 because XW is identically to zero; P(XW = 0) = 1. The mean and
variance of Y are given by uy = ap + pw and

oy = a’p(1 —p) + oy + 2a0x w, (2)
where E(W) = uw, 0% = Var(Y), 0¥, = Var(W) and ox,w = Cov(X,W) is given
by

oxw = E(XW) — E(X)E(W) = —puw.

The formula for the variance of W is 03, = Zf:z a?s; — p3, and with a some modifi-
cation, it can be written

oy = 0% — a’p(1 + p) + 2appuy .

For p = % and a = 1, we have 03, = 0% + 1y — % and ox w = _%MW~ We employ the
following notation for the product moment of the two variables X and W, which will

be used in the following sections for notational convenience:

pij =E[(X —p)' (W —uw)?)] s 4,j=0,1,2,....
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3 Sample variance

With the following assumptions, we consider the variable Y in equation (1) as two
components Y = aX + W. Now Y7,...,Y, be identically independent random sample
from Y, and let the pairs (X1, Wh), ..., (X, Wy, ) represent the partitioned components
assoaated with these samples. Let S)Q/ =130 (Y -Y)E 8% =13 (X, — X)?,

and S, = L3 | (W;—W)? denote the sample variances of Y, X and w, respectlvely,
and Sxw = 23" (X; — X)(W; — W) the sample covariance between X and W. It

can be easﬂy shown that
Sy =a*S% + Spy + 2aSx w (3)

Now, from (2) and (3) we have

Vi (SY —oy) = % [n (8% —p(1-p))]
+\/ﬁ (S‘%V —U‘Q/V> +2a\/ﬁ(SX,W _UX,W)~ (4)

Note that none of the three expressions given in (4) are independent of each other. In
the next section, we analyze the limiting distributions for the individual components on
the right-hand side of the sample variance decomposition. We derive their means and
variances, as well as the covariances between these components, providing a complete
characterization of their asymptotic behavior.

3.1 Variances and covariances

For large sample sizes, the properly normalized second central moment converges in
distribution to a normal distribution with variance 72, where 72 = Var((X — p)?) =
E[(X — u)4] — o* represents the asymptotic variance of the sample variance. For
finite sample sizes, the second central moment has mean o2 and variance Var(S?) =
1 (u4 - Z—:?a‘l), where 14 = E[(X — p)*] denotes the fourth central moment (Kendall

and Stuart, 1977). Similar to the finite sample case, it can be demonstrated that

Var(s3,) = %-E((W—uw)4)—n_i’ ‘V*V},
var(sy) = L [E(x-p) - 20 2}
Var(Sx,W) = % _E((X ) (W ,UW) )_ i) ?( )]

The exact expressions include higher-order terms, such as o(1/n) and O(1/n?), which
vanish as n — oo and are thus omitted for clarity. The direct computation of the vari-
ances and covariances among the components of equation (4) is highly time consuming.
Instead, by leveraging the known limiting variance of the overall sample variance and
examining the structural form and the influence of the coefficient a, we can effectively
infer the variances and covariances of the individual components, providing a practi-
cal and accurate approximation for their asymptotic behavior. Although the factor
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(n—3)/(n— 1) approaches to one in the limit, performing the decomposition as in (4)
allows us to directly determine the variances and covariances of the component ran-
dom variables in a transparent manner. To this end, we first derive the fourth central
moment of Y:

pe = E[Y —py)']
= d'E[(X —p)'] +4a’E [(X = p)*(W — pw)]
+6a>E [(X = p)*(W — pw)?] + 4aE [(X = p)(W — pw)?] + E [(W — pw)*] .
The squared variance of Y is
ngf = (a20§( + 0"2/V + 2(1(7)(7{/[/)2
= da'oy +4dckoxw + d? (403{,‘/‘, + 203(0‘24/) +dacx wody + oy
After substituting the fourth central moment and the squared variance into (5), a

straightforward algebraic simplification yields the variances and pairwise covariances
of the statistics.

Vo= Var(Va (8} —o3)) =ps - Dot
= a*A+4a®B+ 4a*C 4 24®D + 4aE + F, (5)
where

A = Var(Vai($h - o%)) = B[(X —p)*] - =00k,
B = Cov(Vir(S% - ok) Vit (Sxw — o) = pin — “—okax . (6)
C = Var(Vn(Sxw —oxw)) = piaz — Z: il))ag(,Wv
D = Cov (Vi ($k - ok) Vit (S — b)) = s — Sk (7)
E = Cov (Vi (S —axuw) Vi (S o)) = s - “Soxwal. (8)

Fo= Nar (Vi (S - ob)) = B[ — )] - "= 2o

Based on the relationships established between X and W, and p = 1/2, we have

TXW = G HW, 31 = —ghw, fiz2 = 103y, and pug = —5 (tos + iy ). Therefore,
1 1
p— 2 _— — = ————:
) 1 1n—-2
B = Cov (/n SX_E AN (Sxw — px.w) T T an_1Mwm
]_ 9 n73 2
C = Var (Vn(Sx,w —ox,w)) = g \ow = Hw )
D:COV \/ﬁ SZ_} \/5(52 _0.2) :1;02
X)) VW I T e 1)
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_ -1
2
—3

F = Var (Vn (Syy —op)) = E[(W — uw)*] - - 10{44/.

n—3 9
_1/’(’W0-W )

E = Cov (\/ﬁ (Sgc,w - UX,W) Vn (SW - UW (M03 + M%V -

The three statistics S3,, Sx w, and S% are centered by subtracting their respective
means and then multiplied by /n. The resulting random vector has the covariance

matrix
F E D
E C B].
D B A

We are now ready to present the limiting distributions of the three components in the
structure of the sample variance given in (4).

3.2 Limiting distribution of second central moment

The asymptotic distribution of the sample variance for Bernoulli and binomial dis-
tributions was derived using a very straightforward (Abbasi et al., 2024). The work
highlighted the sensitivity of the limiting distributions when the success probability
is one half, providing valuable insight into the emergence of classical chi-square type
behavior in these symmetric scenarios.

1 D o1
2 2
S2 _ =
a”(x 4)—> 4X1

The second component from (4), Z1 = \/n (S§, — o) has normal distribution N (0, F)
and the third component, Zs = /n (Sx w — ox,w) follows normal distribution N (0, C)
The covariance structure among these components is determined according to B, D,
and E in (6), (7) and (8), respectively. From all of the above, we can write

a2 —
Vi (Sy —oa%) ~ NG (;;&) + N(0,F) +2aN(0,C).

Two points are worth emphasizing regarding the chi-square component in the limiting
model:

1-Sample-size effect: As n becomes large, the influence of the chi-square component
diminishes (since its coeflicient is of order 1/4/n). Consequently, we recover the result
commonly presented in standard texts for the limiting distribution of sample moments:
a normally distributed random variable with fixed coefficients.

2-Effect of the parameter a:An important issue is whether the parameter a affects
the limiting model. A trivial case occurs when a = 0, in which case the chi-square
component vanishes entirely. Another case arises when a is sufficiently large and cor-
responds to a mode located at the maximum (or minimum) point of the sample space.
Under this configuration, the variance of Y increases substantially. As this variance be-
comes dominant relative to the variances of the other components, the contribution of
the chi-square term to the limiting distribution becomes negligible and may effectively
disappear.
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4 Simulations

The limiting distribution obtained in this paper differs from the commonly found in
the literature. For clarity, we refer to our result as Model II, while the conventional
model is referred to as Model L.

Model I: y/n (S% —o0%) ~ N(0,V),

Model IL : \/n (S2 — 0% ) ~ \‘j—% (52x3) + N(0,F) +2aN (0, C). To evaluate the finite-
sample performance of the two asymptotic models, we conducted a simulation studies
under four discrete distributions. These distributions were selected because they repre-
sent different support sizes and different levels of dispersion and asymmetry. The four
distributions used in the simulation are listed in Table 1. From distributions D1-D4,
we computed the corresponding means, variances of Y and W.

For each distribution, we considered sample sizes n ranging from 20 to 300 to
investigate how the performance of the two models changes as the sample size increases.
These values were chosen to reflect small, moderate, and relatively large samples, so
that the transition and convergence behavior of the asymptotic approximations could
be assessed clearly.

Table 1: The four probability distributions employed in the simulation.

Distribution Support Y Prolba}aillities 05, i o
o b 12 4 o

D2 2,-1,1, 3 1717101 3L eor 7

) ) ) 6767276 l.? 4@7 33

D3 -3,-2,1,2,3 Lol Lo 13

) ) ) b 87?7%7%78 4&) } 43

D4 -4,-3,-2,1,2,3,4 L 2 = 1 32 L 20 2153 23

J 9 ) 9 9 ) 9

To compare the two models, we used the Kolmogorov—Smirnov test. For Model I, a
random sample of size n was drawn from the specified distribution, and the sample vari-
ance together with T'=\/n (S% — (T%/) was computed. Based on repeated resampling,
m = 1000 realizations of this statistic are generated. The one-sample Kolmogorov—
Smirnov test is used and the corresponding p-value is calculated. This procedure was
repeated L = 2000 times, and the mean p-value is reported.

For Model II, the simulation was based on a linear combination of two normal
variables and one chi-square variable. We generated m = 1000 observations from this
model and compared them with m = 1000 observations of T" from the corresponding
target distribution using the two-sample Kolmogorov—Smirnov test. The resulting p-
value is calculated, and the procedure was again repeated L = 2000 times and the
mean p-values are reported.

Figure 1 presents the mean p-values obtained for a range of sample sizes n under
four discrete distributions D1-D4. For small sample sizes, some distributions yield
unsatisfactory results. As n increases, the influence of the chi-square component in
Model II diminishes, because its coefficient 1/1/n converges to zero. Consequently, the
outcomes of the two models become increasingly similar. Overall, the results clearly
indicate that Model II outperforms Model I, as it yields consistently larger p-values.
Note that for simulation studies the MASS library of R software is used.
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Figure 1: Mean p-values for Model T and Model IT across different sample sizes under distributions
D1-D4.

5 Discussion and conclusions

We investigated the asymptotic behavior of the sample variance for discrete populations
by decomposing it into a collection of interpretable random components. By charac-
terizing the limiting distributions of these components and their dependence structure,
we obtained a new representation of the asymptotic distribution of the sample variance
beyond the classical continuous setting. A key feature of our analysis is the explicit role
played by the point at which the probability equals one half. In this case, the limiting
behavior of the sample variance exhibits pronounced sensitivity, leading to the emer-
gence of a chi-square distribution. This phenomenon, previously observed in special
cases such as the Bernoulli and binomial distributions, is here embedded in a more
general framework for discrete random variables. To support the theoretical findings,
we conducted a simulation studies based on limiting distribution which provides an
accurate approximation even for moderate sample sizes, and the goodness-of-fit results
obtained from the Kolmogorov—Smirnov test further support the theoretical conclu-
sions. The results presented in this approach extend the existing literature on the
distribution of the sample variance by providing a unified asymptotic treatment tai-
lored to discrete populations. This framework may be useful in practical applications
involving discrete data, such as count data analysis, reliability studies, and categorical
modeling. Possible directions for future research include extending the proposed ap-
proach to multivariate discrete settings and exploring its implications under alternative
dependence structures.
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