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Abstract: A fundamental step in constructing linear regression models is the identi-
fication of atypical observations, specifically high-leverage and influential points. The
coexistence of atypical observations and severe multicollinearity complicates statistical
analysis and reduces the effectiveness of conventional diagnostic methods. To address
these challenges, this paper proposes diagnostic methods based on the restricted Liu es-
timator for identifying atypical observations in linear mixed measurement error models.
Specifically, generalized leverage matrices are derived using the restricted Liu estima-
tor to identify high-leverage points. Furthermore, several case-deletion measures are
developed based on the restricted Liu estimator to serve as robust tools for diagnosing
influential points. The performance of the proposed methods is evaluated through two
simulation studies and an application to a real-life example.
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1 Introduction
Linear mixed models generalize simple linear models by allowing for both random and
fixed effects simultaneously. One of the basic assumptions in regression analysis is
that all observations are correctly observed. However, independent variables are often
measured with unavoidable errors in statistical models. The presence of measurement
errors in the observations violates the essential properties of estimators. An important
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issue in the area of measurement errors is finding consistent estimators of the param-
eters. In order to correct the effects of measurement error on parameter estimation,
Nakamura (1990) considered an approach based on the correction of the score function.
This approach makes it possible to perform inference as well as parameter estimation
without additional assumptions.

The linear mixed measurement error (LMME) model is expressed as

yi = Ziβ + Uibi + εi, i = 1, . . . , l,

Xi = Zi + δi,

where yi denotes an ni × 1 vector of responses for variables measured on subject i; β
is a p× 1 parameter vector of fixed effects; Zi is an ni × p known design matrix of full
column rank for the fixed effects, which can be observed through the matrix Xi along
with the measurement error δi, where δi is an ni × p vector of uncorrelated random
variables with E(δi) = 0 and V ar(δi) = Λ, with Λ being a p×p matrix of known values
having nonnegative diagonal elements (Fuller, 1987). Ui is an ni × qi known design
matrix for the random effect of factor i, and bi is a qi×1 vector of unobservable random
effects distributed as N(0, σ2

i Iqi) and independent of εi, which is an ni × 1 vector of
unobservable random errors distributed as N(0, σ2Ini

). The variances σ2 and σ2
i are

called variance components. It is assumed that εi and δi are mutually independent.
Let y = (y′1, y

′
2, . . . , y

′
l)

′, n =
∑l

i=1 ni, Z = (Z ′
1, Z

′
2, . . . , Z

′
l)

′, U = ⊕l
i=1Ui, where ⊕

denotes the direct sum, q =
∑l

i=1 qi, b = (b1, b2, . . . , b
′
l)
′, ε = (ε′1, ε

′
2, . . . , ε

′
l)
′, and

∆ = [δ′1, δ
′
2, . . . , δ

′
n]

′. Then, the general LMME can be expressed as

y = Zβ + Ub+ ε,

X = Z +∆, (1)

where b ∼ N(0, σ2Σ), and Σ is a block diagonal matrix with the i-th block being γiIqi
for γi = σ2

i /σ
2. Consequently, y follows MN(Zβ, σ2V ), where V = In+

∑l
i=1 γiUiU

′
i =

In + UΣU ′. Also, ∆ is an n × p random matrix distributed as N(0, In ⊗ Λ). The
conditional distribution of b | y is N

(
ΣU ′V −1(y − Zβ), σ2ΣT

)
, where T = (Iq −

U ′V −1UΣ) = (Iq + U ′UΣ)−1.
The corrected likelihood estimates (CLE) of the parameters are given by

β̂ =
[
X ′V −1X − tr(V −1)Λ

]−1
X ′V −1y = A−1X ′V −1y,

where A =
[
X ′V −1X − tr(V −1)Λ

]
, and

σ̂2 = n−1
[
(y −Xβ̂)′V −1(y −Xβ̂)− tr(V −1)β̂′Λβ̂

]
= n−1

(
y′V −1y − β̂′X ′V −1y

)
,

where D̂i = γ̂iU
′
iV

−1 =
σ̂2
i

σ̂2U
′
iV

−1, and b̃ = ΣU ′V −1(y − Xβ̂) is the prediction of
random effects, and Tij is the ij-th block of the matrix T (see Zhong et al., 2002; Zare
et al., 2012).

In linear regression models, independent variables are often susceptible to non-
negligible errors, and then it is more appropriate to consider measurement error models
(Fuller, 1987). However, in measurement error models, ordinary maximum likelihood
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(ML) estimates lose consistency. In order to correct the bias in parameter estimation,
a method that corrects the score function itself for measurement errors is available for
parameter estimation. This method is based on the corrected log-likelihood of Naka-
mura (1990). Zhong et al. (2002) used the corrected score method of Nakamura (1990)
and obtained estimates of fixed and random effects parameters. Also, Zare et al. (2012)
introduced the corrected score estimates of variance components in these models. To
overcome multicollinearity, authors such as Ghapani and Babadi (2022b), Ganjealivand
and Ghapani (2024) and others investigated parameter estimates in LMME models.

In LMME models, the existing work in the field of diagnostic methods is related to
Fung et al. (2003) and Zare and Rasekh (2011, 2014). Borhani et al. (2023) used the
Liu estimator to derive diagnostic measures for the detection of outliers and influential
observations in LMME models. Also, Borhani et al. (2024) investigated diagnostic
methods for identifying influential observations using the Liu corrected likelihood esti-
mator in LMME models in the presence of multicollinearity. Recently, Ghapani (2024)
investigated diagnostic measures in LMME models based on the restricted ridge esti-
mator. Since there is no outstanding work on diagnostic methods for LMME models
using the restricted Liu estimator (RLE), our primary aim in this paper is to concen-
trate on diagnostic methods in LMME models using the RLE based on the corrected
log-likelihood function of Nakamura (1990).

The paper is organized as follows. In Section 2, we introduce the RLE in LMME
models using Nakamura’s approach. Using the proposed estimates, diagnostic methods
are investigated in Section 3. Then, several diagnostic methods are constructed for the
detection of high leverage and influential observations. In Section 4, two simulation
studies are conducted to demonstrate the performance of the proposed diagnostic crite-
ria. In Section 5, the proposed diagnostic methods are evaluated through the analysis
of a real dataset. Finally, Section 6 presents the summary and concluding remarks,
followed by the references.

2 Stochastic restricted Liu estimator
Consider model in (1) under the stochastic linear restrictions given by

r = Rβ + e, (2)

where r is an m× 1 random vector, R is a known m× p matrix of rank m < p, and e
is an m× 1 vector of unobservable random errors distributed as N(0, σ2W ). Also, we
assume that ε is stochastically independent of e. Under models in (1) and (2), we have

yr = Zrβ + Urb+ εr, or equivalently
[
y
r

]
=
[
Z
R

]
β +

[
U
0

]
b+

[
ε
e

]
, (3)

where b and yr are jointly distributed as[
b
yr

]
∼ N

([
0

Zrβ

]
,

[
σ2Σ σ2ΣU ′

r
σ2UrΣ σ2Vr

])
,

with Vr =
[
V 0
0 W

]
. Then the conditional distribution of b given yr is

b | yr ∼ N
(
ΣU ′

rV
−1
r (yr − Zrβ), σ

2ΣTr

)
,
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where Tr = Iq − U ′
rV

−1
r UrΣ.

The corrected log-likelihood of model (3) is written as

l∗(θ;X, y, r) = −N

2
log(2πσ2)− 1

2
log |V | − 1

2
log |W |

− 1

2σ2

[
(y −Xβ)′V −1(y −Xβ) + (r −Rβ)′W−1(r −Rβ)

− tr(V −1)β′Λβ
]
,

l∗b (θ;X, y, r) = −q

2
log(2πσ2)− 1

2σ2
log |ΣTr|

− 1

2σ2

{[
b− ΣU ′

rV
−1
r (yr −Xrβ)

]′
(ΣTr)

−1
[
b− ΣU ′

rV
−1
r (yr −Xrβ)

]
− tr(In − V −1)β′Λβ

}
,

where θ = (β, σ2, γ) and N = n+m. If V and W are known, by solving ∂l∗(θ;X, y, r)/
∂β = 0, ∂l∗(θ;X, y, r)/∂σ2 = 0, and ∂l∗b (θ;X, y, r)/∂b = 0, the corrected stochastic
restricted estimates of β, σ2, and the predictor of b are given by

β̂r = A−1
r

(
X ′V −1y +R′W−1r

)
,

σ̂2
r = N−1

[
(y −Xβ̂r)

′V −1(y −Xβ̂r) + (r −Rβ̂r)
′W−1(r −Rβ̂r)− tr(V −1)β̂′

rΛβ̂r

]
,

b̃r = ΣU ′V −1(y −Xβ̂r),

where Ar = X ′V −1X − tr(V −1)Λ +R′W−1R.
The presence of collinearity has some destructive effects on regression analysis.

In order to resolve this problem, we use the stochastic RLE. For this purpose, the
stochastic linear restriction is given by dβ̂r = β + φ, where φ ∼ N(0, σ2Ip) and 0 <
d < 1 is the Liu biasing parameter. This can be unified with model (3) as follows:

yr = Zrβ + Urb+ εr,

dβ̂r = β + φ. (4)

The appropriate corrected log-likelihood function for model (4) is given by

l∗(θ, d;X, y, r) = l∗(θ;X, y, r)− 1

2σ2

[
(dβ̂r − β)′(dβ̂r − β)

]
.

The RLE of β and σ2 are obtained by differentiating l∗(θ, d;X, y, r) with respect to β
and σ2. Then we have

β̂rl =
(
X ′V −1X − tr(V −1)Λ +R′W−1R+ Ip

)−1
(
X ′V −1y +R′W−1r + dβ̂r

)
,

σ̂2
rl = N−1

[
(y −Xβ̂rl)

′V −1(y −Xβ̂rl) + (r −Rβ̂rl)
′W−1(r −Rβ̂rl)

+(dβ̂r − β̂rl)
′(dβ̂r − β̂rl)− tr(V −1)β̂′

rlΛβ̂rl

]
.

β̂rl can be expressed as β̂rl = A−1
p (Ar + dIp)A

−1
r X ′

rV
−1
r yr, where Ap = Ar + Ip. Note

that l∗b (θ, d;X, y, r) = l∗b (θ;X, y, r); therefore, the restricted Liu predictor of b is given
by

b̃rl = ΣU ′V −1(y −Xβ̂rl).
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Similar to Ghapani and Babadi (2022a), it can be shown that β̂rl has asymptotic
properties as stated in Theorem 2.1.

Theorem 2.1. β̂rl has an asymptotic normal distribution with mean vector E(β̂rl) =

MrlM
−1β and covariance matrix AVar(β̂rl) ∼= M−1

rl (B + σ2M)M−1
rl , where M =

Z ′V −1Z +R′W−1R, B = (σ2 tr(V −1) + β′Z ′V −2Zβ)Λ, and

Mrl = (Z ′V −1Z+R′W−1R+Ip)
−1(Z ′V −1Z+R′W−1R+dIp)(Z

′V −1Z+R′W−1R)−1.

Corollary 2.2. β̂r is asymptotically normally distributed with mean E(β̂r) = β and
asymptotic covariance matrix AVar(β̂r) = M−1(B + σ2M)M−1.

3 Diagnostic methods
To determine the observations that exhibit abnormal behavior compared to other ob-
servations, various methods have been used by statisticians. In the next subsections,
some of these criteria are examined for LMME models with the Liu condition and
under simultaneous stochastic linear restrictions.

3.1 Residuals
Residual analysis is one of the important tools in evaluating the appropriateness of any
statistical model to the data. In linear models, residuals are used to examine model
assumptions, including homogeneity of variance, linearity of effects, the existence of
influential observations, normality of observations, and independence of error. Because
a residual is considered a deviation between the observed value and the fitted value, it
is a criterion or measure that is not explained by the model. Therefore, any deviation
from the assumptions about errors can be observed in residuals. Residual analysis is
one of the diagnostic methods used to detect various deviations in the model.

The model presented in (1) can be written as follows:

y = Xβ + Ub+ v,

with the assumption that v ∼ N(0, σ2
v) as the model errors, where σ2

v = σ2 + β′Λβ.
Then, the conditional fitted values based on the RLE are obtained by

ŷ = Xβ̂rl + Ub̃rl = y − V −1(y −Xβ̂rl).

Using the RLE, we can write the (conditional) residuals of the model as v̂rl = y −
ŷ = V −1(y − Xβ̂rl). Therefore, the i-th standardized residual for model 4 is ti =

v̂rli/
√
v̂′rlv̂rl, where v̂rli = yi − x′

iβ̂rl − u′
ib̃rl = c′i(y −Xβ̂rl) is the i-th element of v̂rl

and c′i is the i-th row of the matrix V −1. Based on Zare and Rasekh (2014), it can be
concluded that the asymptotic distribution of

t∗2i =
(n− 1)t2i
1− t2i

,

is Fisher’s distribution with 1 and n − 1 degrees of freedom, and the i-th observation
may be an outlier if t∗2i > F (1, n− 1, α).
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3.1.1 Studentized residuals

Since the residuals have different variances, they are not comparable. Accordingly, we
use the studentized residuals, which are good criteria for the detection of outliers. The
i-th studentized residual of the model is defined as

si =
v̂rli

σ̂v

√
hii

,

with σ̂2
v = σ̂2

rl + β̂′
rlΣβ̂rl and hii = cii − c′iXA−1

p X ′ci. Studentized residuals are more
effective for detecting outlying observations than standardized residuals. If an obser-
vation has a large s2i , then it is considered an outlier observation.

3.2 High-leverage points
One of the main topics in the sensitivity analysis of regression models is influential
points. Using penetration points, the amount of the i-th observation’s effect on the
predicted value can be measured. According to the generalized definition of penetration
stated by Wei et al. (1998), the generalized penetration matrix for the fixed effects
is defined as the partial derivative of the marginal fitted values with respect to the
response values, that is,

GL(β̂rl) =
∂Xβ̂rl

∂y′
= XA−1

p (Ar + dIp)A
−1
r X ′V −1.

According to Fung et al. (2002) and Demidenko and Stukel (2005), the above state-
ment provides information on the effect of observations on fixed effects. Therefore,
we can define the influence of the i-th observation. According to Hoaglin and Welsch
(1978), the i-th observation is an influential point on the fixed effects.

Given that in linear mixed models, an observation can affect both the estimates
of the fixed effects and the predicted values of the random effects, it is convenient to
evaluate the joint influence of each observation on the fixed and random effects. The
generalized leverage matrix in LMME models with estimation of fixed and random
effects is defined as

GL(β̂rl, b̃rl) =
∂ŷrl
∂y′

= P,

where P = In − V −1 + V −1XA−1
p (Ar + dIp)A

−1
r X ′V −1. The i-th diagonal element

of P , pii = 1 − cii + c′iXA−1
p (Ar + dIp)A

−1
r X ′ci, where cii denotes the i-th diagonal

element of V −1, can be thought of as the amount of leverage of the response value on
the corresponding fitted value ŷi. The i-th observation is said to have high leverage on
the fixed effects and random effects if GL(β̂rl, b̃rl) >

3 tr(P )
n . Moreover, the generalized

leverage matrix for the random effects is GL(b̃rl) = In−V −1. Then, the i-th observation
is said to have high leverage on the random effects if GLii(b̃rl) >

3 tr[GL(b̃rl)]
n .

3.3 Case deletion diagnostic
To quantify the effects of deleting the i-th observation on the estimation of parameters,
a fundamental approach is the case deletion model which, for the RLE with the i-th
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observation deleted in LMME models, is defined as

y(i) = Z(i)β + U(i)b+ ε(i), X(i) = Z(i) +∆(i), i = 1, 2, . . . , n subject to
r = Rβ + e and dβ̂r = β + φ. (5)

Theorem 3.1. For model (5), we have

β̂rl(i) ≃ β̂rl −A−1
p

X ′civ̂rli
hii

,

σ̂2
rl(i) ≃ σ̂2

rl

N − 1

(
N − v̂2rli

σ̂2
rlhii

)
+Op(N

−1),

where β̂rl(i), σ̂2
rl(i), and b̃rl(i) denote the estimates of β, σ2, and b when the i-th case is

deleted, respectively.

Proof. When the i-th row is deleted from the data set, we have

β̂rl(i) =
(
X ′

(i)V
−1
[i] X(i) − tr(V −1

[i] )Λ + Ip +R′W−1R
)−1 (

X ′
(i)V

−1
[i] y(i) + dβ̂r +R′W−1r

)
.

It can also be written as(
X ′

(i)V
−1
[i] X(i) − tr(V −1

[i] )Λ + Ip +R′W−1R
)−1

=

(
Ap −

X ′cic
′
iX

cii
+ ciiΛ

)−1

,

therefore,

β̂rl(i) =

(
Ap −

X ′cic
′
iX

cii
+ ciiΛ

)−1(
X ′V −1y − X ′cic

′
iy

cii
+ dβ̂r +R′W−1r

)
=

(
Ap −

X ′cic
′
iX

cii

)−1(
X ′V −1y − X ′cic

′
iy

cii
+ dβ̂r +R′W−1r

)
+Op(n

−1),

Using (A+BCD)−1 = A−1−A−1B(C−1+DA−1B)−1DA−1 (Rao et al., 2008, Theorem
A.18), we have

(
Ap −

X ′cic
′
iX

cii

)−1

= A−1
p +A−1

p

X ′ci
cii

(
In −

c′iXA−1
p X ′ci

cii

)−1

c′iXA−1
p .

Then, β̂rl(i) can be written as

β̂rl(i) ≃ β̂rl −A−1
p

X ′civ̂rli
hii

+Op(n
−1).

In the same way,

(N − 1)σ̂2
rl(i) = (y(i) −X(i)β̂rl(i))

′V −1
[i] (y(i) −X(i)β̂rl(i))− tr(V −1

[i] )β̂′
rl(i)Λβ̂rl(i)

−(dβ̂r − β̂rl(i))
′(dβ̂r − β̂rl(i)),
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then,

σ̂2
rl(i) ≃

σ̂2
rl

N − 1

(
N − v̂2rli

σ̂2
rlhii

)
+Op(N

−1).

Also, for the predictor of b in model (5), we have

b̃rl(i) = ΣU ′
(i)V

−1
[i] (y(i) −X(i)β̂rl(i))

= ΣU ′V −1y − ΣU ′ cic
′
i

cii
y − Σ

(
U ′V −1X − ΣU ′ cic

′
i

cii
X

)
β̂rl(i)

≃ b̃rl − ΣU ′ (ci − V −1XA−1
p X ′ci

) v̂rli
hii

= b̃rl − ΣU ′hi
v̂rli
hii

.

3.4 Generalized Cook’s distance
Cook’s distance is a convenient measure of influence that, based on Cook (1977) and
by the deletion of the i-th observation in LMME models under RLE, is defined as

CDi(β) = (β̂rl − β̂rl(i))
′M(β̂rl − β̂rl(i)),

where M = Apσ̂
−2
rl . Then, we have

CDi(β) = σ̂−2
rl c′iXiA

−1
p X ′ci

v̂2rli
h2
ii

+Op(n
−1),

and approximately we have

CDi(β) =
(cii − hii)v̂

2
rli

σ̂2
rlh

2
ii

+Op(n
−1).

3.5 Cook’s distance for random effects
Cook’s distance for random effects is defined as

CDi(b) =
(b̃rl − b̃rl(i))

′(U ′U +Σ−1)(b̃rl − b̃rl(i))

σ̂2
rl

.

Since b̃rl(i) ≃ b̃rl − ΣU ′hi
v̂rli
hii

, we obtain

CDi(b) = h′
i(V − In)V hi

v̂2rli
σ̂2
rlh

2
ii

.

3.6 Conditional Cook’s distance
To investigate the influence of observations on the predicted values, we define the
conditional Cook’s distance similarly to Tan et al. (2001) in LMME models with RLE
as follows:

CDcondi = σ̂−2
rl (ŷrl − ŷrl(i))

′(ŷrl − ŷrl(i)),
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which can be decomposed into the three components

CDcondi = CD1
condi

+ CD2
condi

+ CD3
condi

,

with

CD1
condi

= σ̂−2
rl (β̂rl − β̂rl(i))

′X ′X(β̂rl − β̂rl(i)),

CD2
condi

= σ̂−2
rl (b̃rl − b̃rl(i))

′U ′U(b̃rl − b̃rl(i)),

CD3
condi

= 2σ̂−2
rl (β̂rl − β̂rl(i))

′X ′U(b̃rl − b̃rl(i)).

Here, CD1
condi

is related to the fixed effects; the observations that may influence the
predictors of the random effects are determined by CD2

condi
; and finally, CD3

condi
is

related to the covariance of β̂ and b̃, which is expected to be close to zero.

4 Simulation study
We use two simulation studies to evaluate the credibility of the proposed diagnos-
tic measures and to provide more evidence of the good performance of the proposed
methods using RLE in LMME models.

4.1 Simulation study one
To investigate the behavior of GL(β̂rl), GL(b̃rl), and GL(β̂rl, b̃rl) in LMME models,
we generated the i-th set of simulated data as

yi = β0 + Zβ + Ubi + εi, i = 1, . . . , 1000,

X = Z +∆ and ri = Rβ + ei, (6)

where yi = (y11i, . . . , y1n1i, y21i, . . . , y2n2i, . . . , yk1i, . . . , yknki), Z = (z(1), . . . , z(p)), in
which z(t) = (z

(t)
11 , . . . , z

(t)
1n1

, z
(t)
21 , . . . , z

(t)
2n2

, . . . , z
(t)
k1 , . . . , z

(t)
knk

)′, t = 1, . . . , p, bi = (b1i, b2i,
. . . , bki)

′, and εi is rewritten in accordance with yi. In addition, k can be interpreted
as the number of independent groups; ni is the group size, so n =

∑k
i=1 ni is the

total sample size of the data set. U = 1ni
⊕ 1ni

⊕ · · · ⊕ 1ni
is an n× q matrix, where

1ni is an ni × 1 vector with all elements equal to 1. Furthermore, ri = (r1i, . . . , rmi)
′,

R = (R(1), . . . , R(p)), R(t) = (R1j , . . . , Rmj)
′, and ei ∼ N(0, σ2Im). To achieve different

degrees of collinearity, following McDonald and Galarneau (1975), the fixed effects
variables are computed as zit = (1 − ρ2)1/2wit + ρwi,p+1, where wit are independent
standard normal pseudo-random numbers and ρ represents the correlation between
any two fixed effects. In this simulation study, the value of ρ was chosen as 0.90. For
each set of explanatory variables, the parameter vector is chosen as the eigenvector
corresponding to the largest eigenvalues of Z ′V −1Z. To create observations with high
leverage, we considered wit ∼ N(6, 2) for i = 5 and i = 9. The random errors are
εi ∼ N(0, σ2) for σ2 = 0.5, except for the high leverage observations with εi = 5
for i = 5. This structure was intended to generate two high-influence observations
(observations 5 and 9). The simulation study was carried out using the R software
(The R codes are available from the author upon request). The following combinations
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were used for the simulation: q = 10, n = 50, p = 3, Λ = diag(0, 0.05, 0.05, 0.05),
m = 2, R(t)

ij ∼ N(0, 1), and σ2
1 = 0.1.

To visualize the performance of GL(β̂rl), GL(b̃rl), and GL(β̂rl, b̃rl) in the simulation
study, we calculate their values for the 1000 simulated data sets by generating new error
terms and then take the average value over the simulation runs. Figures 1–2 show plots
of the generalized leverage measures from the simulated data. All the dotted lines
correspond to three times the mean leverages. Figures 1–2 show that observations 5
and 9 have high generalized leverage on fixed effects and random effects as well as high
joint generalized leverage on both fixed and random effects.

Figure 1: Generalized leverage plot on fixed effects and random effects.

Figure 2: Generalized leverage plot on fixed and random effects.
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4.2 Simulation study two
Under Model (6), we change the fixed effects β to 3β when generating the response
of the first observation. The Cook’s distances for fixed and random effects based on
CDM are computed for each simulated dataset; then the experiment was repeated 1000
times by generating new error terms. Figures 3–4 show plots of the average values of
CDi(β), CDi(b), and CDcondi , respectively.

Figure 3: Plot of Cook’s distance for fixed effects and random effects.

Figure 4: Plot of conditional Cook’s distance.
A glance at Figures 3–4 shows that observation 1 has greater influence on fixed

effects, random effects, and predicted values. Also, from Figures 3–4, we conclude that
observation 1 is an influential observation and affects the model more than usual. Also,
for each replicate, the RMSE (Root Mean Squared Error) values were computed for
the full data and with deletion of observation 1. In this study, we consider n = 50
or n = 100 and three values of ρ = 0.85, 0.90, and 0.95. The mean RMSE values are
presented in Table 1.
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Table 1: RMSE values for full data and removing of observations 1.
ρ Full data Observation 1 deleted

n = 50 n = 100 n = 50 n = 100
0.85 0.829 0.605 0.592 0.558
0.90 0.897 0.639 0.645 0.590
0.95 1.385 0.685 1.144 0.634

Based on Table 1, the following conclusions can be drawn:
• The RMSE values increase as the collinearity level increases.
• The RMSE values decrease as n increases.
• After deleting observation 1, the RMSE values decrease.

5 Real data analysis
In this section, the market historical data set of real estate valuation from Sindian
Dist., New Taipei City, Taiwan is used to evaluate the performance of the proposed di-
agnostic criteria. The dataset is publicly available online at the UCI Machine Learning
Repository (https://archive.ics.uci.edu/ml/datasets.html) and is labeled as the ”Real
estate valuation” data set. The inputs are as follows:

Dependent Variable: House price of unit area
Independent (Explanatory) Variables:

• House age,
• Distance to the nearest MRT station,
• Number of convenient stores in the living circle on foot,
• Latitude(geographic coordinate, latitude),
• Longitude(geographic coordinate, longitude).

Among these variables, X2, X4, and X5 are subject to measurement error. The
data set consists of 414 observations, two of which were used as random restrictions.
Therefore, the data set was fitted with a LMME model of the form y = Xβ + Ub+ ε,
where y is a 412× 1 vector of response variables, and X and U are regression matrices
with dimensions 412 × 5 and 412 × 2, respectively. The transaction date (2012 and
2013) is considered as a random effect. The initial values for estimating the variance
components are σ2 = 0.1 and σ2 = 0.5. The condition number of Ẑ ′V −1Ẑ is equal to
126456.9, which indicates that there is severe multicollinearity among the fixed effects
variables. The 114-th and 220-th elements of the dependent variable and the 114-th
and 220-th rows of the independent variables were considered as r and R, respectively.

Table 2 gives the parameter estimates, percentage change, and RMSE values for the
LMME model with the full data and with deletion of 269 observations. As can be seen,
after deleting observation 269, the RMSE values and estimates of some coefficients
decrease. Also, the various Cook’s distances introduced in the previous sections are
calculated for each observation. Figures 5–6 show the plots of Cook’s distance for fixed
effects, random effects, and the conditional Cook’s distance, respectively.

A glance at Figures 5–6 shows that observation 269 has greater influence on fixed
effects, random effects, and predicted values. According to Figures 5–6, it is obvious
that observation 269 stands out as an influential observation with a relatively large
value of Cook’s distance.
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Table 2: Parameter estimates for the real estate valuation data set.
Parameter Full data Observation 269 deleted % change

β1 -0.2561 0.2483 3.05
β2 -0.0054 -0.0051 5.56
β3 1.3088 1.4511 10.87
β4 -15.9094 -16.5989 -4.33
β5 3.6187 3.7505 4.64
b1 -1.1976 -1.078 -9.99
b2 1.2550 1.1434 -8.89
σ2 83.7473 69.3794 -17.16
σ2
1 1.8523 1.5199 -17.95

RMSE 8.8233 7.9744 -9.62

Figure 5: Plot of Cook’s distance for fixed effects and random effects.

Figure 6: Plot of Conditional Cook’s distance.
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6 Summary and concluding remarks
This paper presents diagnostic methods based on the RLE for identifying high-leverage
points and influential observations in LMME models subject to stochastic linear re-
strictions. To detect influential observations, a case-deletion approach is applied to the
proposed model. Various forms of Cook’s distance are employed to identify observa-
tions that exert significant influence on the estimation of fixed effects, the prediction
of random effects, or both. Simulation studies and real-data analysis demonstrate that
the proposed diagnostic measures, utilizing the RLE within LMME models, perform
exceptionally well in detecting influential observations.
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