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1 Introduction

The accurate modelling of dependence structures in multivariate financial returns con-
stitutes a cornerstone of modern quantitative risk management, portfolio optimization,
and systemic risk (SRISK) assessment. The 2007-2009 global financial crisis, followed
by the European sovereign debt crisis and the COVID-19 pandemic-induced mar
turmoil of 2020, has elevated SRISK monitoring to a regulatory imperative for fi

cial institutions and policymakers worldwide. Traditional risk models predicated

behaviours while maintaining a coherent dependence >
plication of copula methods in high-dimensional settingsi@enfronts three fundamental
challenges: the number of pairwise dependence para S\erows quadratically with
dimension, precipitating the well-documented curse of{d asionality; financial return

data exhibit well-established stylized facts inc imeé*variation in the dependence
structure, asymmetry, and tail dependéncg t nyfadequate model must capture;
and the estimation of high-dimensional ul s is computationally intensive
and frequently suffers from finite-sa ia, at distort inference.

The principal component copula PCC) work, recently introduced by Gubbels

e byl combining copula-based techniques with
rincipal component analysis. PCCs model
tail dependence along the tant directions in high-dimensional data and
distinguish between par. ovements, which amplify SRISK, and orthogo-
nal movements, whic nce diversification benefits. Gubbels et al. (2025) derive
tractable expression: gh-dimensional copula density in terms of characteristic
functions and de that PCCs outperform existing copula specifications based
and measures of SRISK. However, the existing PCC literature
has largel a/static settings, leaving time-varying dependence unaddressed.
Recent Work by, G@#bbels and Lucas (2026) on spectral dynamics and regularization
for highfdimensional copulas provides a foundation for time-varying extensions, but a
amework integrating score-driven eigenvalue dynamics with PCCs for
itoring remains undeveloped.

et al. (2025), addresses the first
the dimensionality reduction

hal

at accommodates time-varying tail dependence. Our proposed model incor-
porates score-driven dynamics for the eigenvalues of the copula dependence matrix,

lowing the generalized autoregressive score (GAS) framework of Creal et al. (2013).
The GAS approach provides a unified framework for introducing time-varying param-
eters in a wide class of nonlinear models, using the score of the likelihood function
as the driving mechanism for parameter updating. The dynamic parameterization en-
sures that the copula dependence matrix satisfies the appropriate positive-definiteness
restrictions at all times and for any dimension. We refer to the resulting model as
the dynamic principal component copula (DPCC); it is parsimonious, computationally
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efficient, easily scalable to high dimensions, and performs well for both simulated and
empirical data.

1.1 Relation to existing dynamic dependence models

The contribution of this paper should be positioned relative to three strands of t
dynamic dependence literature: dynamic conditional correlation models, dynamic
copulas, and dynamic factor copulas. Each addresses time variation in dependence,

none combines dimensionality reduction with tractable, closed-form high-di a
densities in the way the DPCC does.
Dynamic conditional correlation models such as the dynamic conditi cO -

odel of En-
di sionality
which for d = 50

generalized autoregressive conditional heteroskedasticity (DCC.@
gle (2002) model a time-varying correlation matrix directl
reduction. The number of free correlation parameters is d(d
implies 1,225 pairwise correlations; DCC-GARCH sidesteps thi§lenly by imposing a
common scalar dynamics for all pairs (or, in more fleRible variant§) a small number
of dynamics blocks), which is a strong homogeneity rgs ion across pairs. It is also
inherently Gaussian (or elliptical) in its correlation d % and does not, in its stan-
d reg

dard form, generate tail dependence. The DPCC_ins ces dimensionality first,
through the eigen-decomposition, and then lets, ber (k) of eigenvalues evolve
dynamically; this yields O(k) rather th ( namic parameters, and, under the
Student’s ¢ specification, delivers genuin ce.

Dynamic vine copulas (e.g., time sions of Bedford and Cooke, 2002)
achieve flexibility by decomposing th@jjoint deénsity into a cascade of d(d—1)/2 bivariate

pair-copulas, each of which may _ca i n dynamics. This affords a very rich
dependence structure, includin and non-elliptical tail dependence, but the
number of pair-copulas a odtated dynamic parameters again grows quadratically
in d, so that vine-based pddecomes both computationally intensive and prone
to overfitting as d gro@e begend a few dozen series. The DPCC achieves a comparable

qualitative benefit w parammeter count that grows linearly in the number of retained
hain, quadratically in d, at the cost of imposing the PCC’s factor-

copula parameters. The DPCC can be viewed as a specific, tightly
7 ember of this class in which the factors are the principal components
and the loadings (the eigenvectors P) are fixed, while the score-driven GAS

mputational tractability, but it also means that, unlike a fully dynamic factor copula,
the DPCC does not allow the factor loadings themselves to evolve over time; Section
returns to this restriction.

Relative to the static PCC of Gubbels et al. (2025) specifically, the contribution of
the present paper lies entirely in the introduction of time variation: (i) we replace the
static eigenvalues A\; with a score-driven GAS process \j;, requiring a new derivation
of the score of the copula log-likelihood with respect to the transformed eigenvalues
(Section 3.4); (ii) we extend the two-stage estimation procedure to account for the
additional GAS dynamic parameters and provide a parametric bootstrap for the as-
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sociated estimation uncertainty (Section 4.4); and (iii) we show, empirically and via
formal statistical tests (Section 6.4.1), that allowing eigenvalues to vary over time ma-
terially improves both in-sample fit and out-of-sample tail-risk forecasts relative to the
static PCC. The theoretical apparatus of Sections 2.1-2.2 is inherited directly from
Gubbels et al. (2025) and is reviewed, not re-derived, here.

In summary, this paper’s contributions are: a theoretical framework for dynami
PCCs with time-varying eigenvalues, including tractable expressions for the cop
density and its score under both Gaussian and Student’s ¢ specifications; a two:
estimation procedure combining marginal generalized autoregressive condi
eroskedasticity (GARCH) filtering with pseudo-maximum likelihood esgi
nonlinear shrinkage regularization (Ledoit and Wolf, 2012); and an el

cation to a panel of 50 global systemically important banks (GE5TB
Q s!

demonstrating superior performance in capturing time-varyi .

Section 2 reviews the theoretical background; Section 3 pré e DPCC model,
Section 4 discusses estimation and inference; Section 5 derives SRISK measures; Section
6 reports the empirical application; and Section 7 con: es.

2 Preliminaries

2.1 Copula theory

Sklar’s theorem Sklar (1959) provides the da result for copula modelling. Let
X = (Xy,...,X4) be a d-dimensiongl rando tor with joint distribution function
F and marginal distribution functi@hs F7,% ., Fy. Then there exists a copula C :

[0,1]¢ — [0, 1] such that

, a) 5 C(F1(z1),. .., Fa(xa))-

If the marginals are ¢ us, the copula C' is unique and is given by

yee s Ug) = F(Fl_l(ul),...,Fd_l(ud)).

The copula d ) is obtained by differentiating the copula function

)_ adC(ul,...,ud)
’u,1,...7 d _—6u1~--6ud .

e joi ensity of X can be factorized as

d

f@y,.. ) = c(Fi(x1), ... Fa(za)) [ ] filws),

i=1

where f; are the marginal densities. This factorization property is central to the practi-
cal implementation of copula models, as it permits separate specification and estimation
of marginal distributions and the dependence structure.

Several families of copulas have been developed for financial applications. The
Gaussian copula, while popular for its simplicity and tractability, lacks tail depen-
dence. The Student’s t copula introduces symmetric tail dependence through the
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degrees of freedom parameter. Archimedean copulas (Clayton, Gumbel, Frank) ac-
commodate various forms of asymmetry and tail dependence but are typically limited
to low dimensions. Vine copulas (Bedford and Cooke, 2002) provide flexible construc-
tions for high dimensions through pair-copula decompositions but face computational
challenges as dimension increases. Factor copulas, including the PCC framework, offer
a compromise between flexibility and tractability by modelling dependence throu
latent factors.

2.2 Principal component copulas

-ba -
10 he depen-
aut@matically

The PCC framework introduced by Gubbels et al. (2025), combine
niques with principal component analysis. The key innovatio
dence structure through the principal components of the d
identifies the most important directions of variation.

Let Y = (Y1,...,Yy) be a d-dimensional rando i
variance matrix . The principal component decompoSiion of ¥ is

¥ = PAP,

where P is the d x d matrix of eigenvectors 1,--+,Aq) is the diagonal
matrix of eigenvalues with Ay > --- > A . primcipal components are given by

The PCC assumes that the depende strugture of Y can be represented through the
dependence among the princi s Z. In particular, the copula of Y is the
copula of Z transformed bz t hdgonal rotation P.
For the independent ﬁ onent copula (iPCC), the principal components
e

t. The copula density of the iPCC is given by

are assumed to be in
d
O o(w) = [[ 2 (F5 @) - | det()),
j=1
1 Uq)

where (u " are the copula arguments, uj are appropriately transformed
n d Fz, are the marginal density and distribution functions of the j-th
component, and J is the Jacobian of the transformation.

nerally, the PCC allows for dependence among the principal components

a lower-dimensional copula on the first k£ principal components

d
croo(u) = ep(uf, . up) [T fz,(FZ @) - | det(T)], (1)
Jj=k+1

where ¢, is a k-dimensional copula for the first &k principal components. This formu-
lation captures the essential dependence structure through a small number of factors
while treating the remaining components as independent, achieving substantial dimen-
sionality reduction.
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Gubbels et al. (2025) derive a tractable expression for the high-dimensional copula
density in terms of characteristic functions:

¢z (w(u))
d
[T ¢z, (wj(w))
where ¢z is the characteristic function of Z, ¢z, are the marginal characteristic fun @

CpCC (u) =

tions, and w(u) are appropriately defined arguments. This representation facilita
efficient computation even in high dimensions.

2.3 Score-driven dynamics

The GAS framework introduced by Creal et al. (2013), provid ifie proach to
modelling time-varying parameters in observation-driven m 0; bagphe time-
varying parameter vector of a conditional density p(y; | 0, here F;_1 is the

information set up to time ¢ — 1. The GAS updating equation i

0t+1 =w+ ASt + BQt,

where w is a constant vector, A and B are parame
the scaled score with V; = dlogp(ys | 0, Fr—1 : o e score and S; a scaling
matrix (often the inverse of the Fisher inform; X or its square root).

The GAS framework possesses sever irable properties. First, it is observation-
driven, making likelihood-based estima 2 forward via standard maximum
likelihood procedures. Second, the

distributions including expong copula, and non-linear state space models.
Fourth, the framework a
through appropriate res

In the context of
correlation models,
recently to spe
The score-dri
informati

pula models with time-varying parameters, and more
ics for high-dimensional copulas (Gubbels and Lucas, 2026).
ensures that the parameter dynamics are driven by the
he data in a statistically efficient manner.

ic principal component copula model

del specification

now introduce the DPCC model. Let Y; = (Yig,...,Ys) be a d-dimensional
vector of financial returns at time ¢, for ¢ = 1,...,T. We assume that the conditional
stribution of Y; given the information set F;_1 has copula C; that varies over time.
The DPCC model extends the static PCC framework by allowing the eigenvalues of
the copula dependence matrix to evolve over time according to a score-driven process.
Specifically, we model the time-varying eigenvalues A\j; for j =1,...,d as

exp(Ajt)

ANip = ———— 2,
’ Zzzl eXp(Akt)
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where S\jt follows a GAS process:
S\j,t—i-l =w; +a;8;t + bj;\jt, (2)

with s;; being the scaled score with respect to S\jt. The softmax transformation ensures
that the eigenvalues remain positive and sum to one, preserving the interpretation o
Ajt as the proportion of total variance explained by the j-th principal component.

The eigenvectors P are assumed to be constant over time, as in the static PG
This assumption is justified by the observation that the principal component
in financial markets tend to be relatively stable over moderate time horiz@i
the eigenvalues (which represent the variances of the principal compgfients
significant time variation, particularly during periods of ma
discusses the limitations of this assumption and possible extg

The copula density of the DPCC at time ¢ is

bz, (we(ue)
[15_1 ¢z, (wje(ue))

where Z; = P'Y; are the principal components at ti
values enter through the characteristic functio

Ct (ut) =

3.2 Gaussian copula specifica

For the case where the principal cginponent e assumed to follow a multivariate
normal distribution conditional on the eigenwalues, the copula is Gaussian with time-
varying correlation matrix R, h ere A; = diag(A1,...,Aqt). The copula
density is then

o] 50w (R - e o)}, ®)

., ® Yug)) and &~ is the inverse standard normal

Student’s ¢ copula specification

capture tail dependence, we assume that the principal components follow a multi-
variate Student’s t distribution with time-varying scale matrix and constant degrees of

edom. The copula density is then
d _ (v+1)/2
14

(%l) . 1 j=1
) )2 det(Re) (1 + tljl(’u’t)/Rt_lt;l(ut)>(V+d)/27

14
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where ¢! is the inverse CDF of the univariate Student’s ¢ distribution with v degrees
of freedom, and ¢, ! (us) = (£, (u1e), ..., t, H(uar))'-

The Student’s ¢ copula introduces tail dependence through the degrees of freedom
parameter v, with smaller values of v corresponding to stronger tail dependence. As
v — 00, the Student’s ¢ copula converges to the Gaussian copula.

3.4 Score-driven dynamics for eigenvalues

To derive the score-driven dynamics for the eigenvalues, we need to computed
of the log-likelihood with respect to the transformed eigenvalues ;. For
copula case, the log-likelihood contribution at time ¢ is

1 1
ly = — logdet(Ry) — §<I>_1(ut)’(Rt_1 I
The score with respect to 5\jt is

@here P is the k-th eigenvector,

1) R prp R0 (wy).

Using the fact that R; = PA;P’ and OR;
we obtain

oy 1
N 2

g?\’; = Ait(0k; — Aji), where d; is the
Kronecker delta. Then, scaled sgore is sj; = Ij_tlﬂvjt, where Ij; = E[V?t] is the
Fisher information fouk;;"

For the Student cop the score expressions are more complex. Using the
derivatives of t ity with respect to the scale matrix, we can obtain

v+d 0 wiR; w,
1 14 2t 7t
( 2 )wm og( T )

log det(R;)

The derivative of \y; with re

- >

1

d

At (05 — Aje),

Lo
2 Ot

eréWo; = t,,1(u;). The scaling matrix is derived from the Fisher information of the
tJeopula, which is known in closed form (see McNeil et al., 2005).

3.5 Regularization for high dimensions

In high-dimensional settings where d is large relative to T', the sample covariance matrix
S is typically ill-conditioned or even singular when d > T. To address this issue, we
apply nonlinear shrinkage regularization to the eigenvalues, following the approach of
Ledoit and Wolf (2012).
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Let 5\j be the sample eigenvalues and p; the corresponding sample eigenvectors.
The nonlinear shrinkage estimator of Ledoit and Wolf (2012) transforms the sample
eigenvalues as

ANS Z 3 a,
where &; are shrinkage intensities determined by solving a system of equations base
on the limiting spectral distribution of the sample covariance matrix. The regulari

eigenvalues are given by
)\rEg )\NLS

These regularized eigenvalues are then used as initial values for the sc
namics:

Ajo = log(A[°®).

The regularization ensures that the estimated eigenvalues are itioned and that
the resulting copula dependence matrix is positive definite.

3.5.1 Sensitivity to the choice of initial value

Because the GAS recursion in (2) is contractive when 1, the influence of the

initial value X, jo on )\Jt decays geometrlcally at the estimated persistence
parameters reported in Table 3 (b; ran to 0.978), the half-life of the

g days (for 5\1, with by = 0.943)

initialization effect ranges from approxim
to approximately 31 trading days (fi ¥, bs = 0.978). Relative to the T =
4,000 observations in our sample, this infl is therefore negligible for parameter
estimation, but it can matter for t fewy weeks of the filtered eigenvalue path and

We assessed sensitivity do@héfinitialization in three ways. First, we compared the
baseline initialization A ®Y, based on the nonlinear-shrinkage eigenvalues
estimated on the full ple covariance matrix, agalnst 1n1tlahzlng at the uncon-

ditional mean impli
tionarity of the process from t = 0. Second, we compared both to a cold
i.e., equal weighting across principal components). Third,
we re-esti del dropping the first 250 observations (one trading year) from
the likeliliood t ow the filter to burn-in before parameters are estimated.
the filtered path of A1, over the first 300 trading days under the
ons, holding the GAS parameters fixed at their full-sample estimates.
with the persistence-implied half-life calculation above, the three paths
rge visibly within the first quarter of the sample. The three initializations (reg-
ri eigenvalue, unconditional mean, and cold start at zero) converge within the
t quarter of the sample, consistent with the persistence parameters in Table 3.
Across all three alternatives, the estimated GAS parameters (wj, a;,b;,v) in Table
3 change by less than one estimated standard error, and the resulting SRISK measures
(Aconditional value-at-risk (CoVaR), marginal expected shortfall (MES), SRISK) re-
ported in Section 6.5 are visually indistinguishable from the baseline after the first
quarter of the sample. All three measures are formally defined in Section 5. We
therefore report results under the regularized-eigenvalue initialization throughout, not-
ing that the unconditional-mean initialization is a natural default for shorter samples
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009 = —— Regularized-eigenvalue init.
i --- Unconditional-mean init.

...... Cold start (0)

—0.2 1

_04 4

i< —0.6 1

—0.8 1

—-1.0 1

-1.24

0 50 100 150 200
Time (first 300 trading days)

Figure 1: Sensitivity of the filtered eigenvalue path%@the Initialization Ao.

or for out-of-sample forecasting exercises whey
estimate is available, since it requires o stimafed GAS parameters themselves.

4 Estimation and infefen

4.1 Two-stage estim ure

imdtion Jprocedure for the DPCC model that combines
h st cal consistency.

tion. For each of the d series, we estimate univariate
e the conditional mean and volatility dynamics.

We propose a two-stage
computational efficien
Stage 1: Margin

GARCH-type models %@, capt

Yie = pi+oiYii—1+ €, (5)
€t = Oulit, (6)
Uizt = w;+ aiezz,t—l + /Bigz‘z,t—la (7)

re independent and identically distributed innovations with zero mean and

T
. 1 . .
Uit = 5 ; 1(&s < €ir),
where €;; = 7;; are the standardized residuals from the GARCH estimation. For infer-
ence on and interpretation of the GARCH marginal models, including the properties
of the quasi-maximum likelihood estimator used in this stage, we follow the treatment
in Francq and Zakoian (2019).



11 A. Ghajari

Stage 2: Copula Estimation. Given the pseudo-observations @y = (fyy, ..., Ga)’,
we estimate the DPCC parameters using pseudo-maximum likelihood:

T
0 = arg max Z log ¢t (; 0),

t=1

where 0 = (w, vec(A)’, vec(B)’,v)’ contains all the copula parameters. The optim
tion is performed using numerical methods, with the score-driven dynamics €
recursively.

4.2 Asymptotic properties
Under standard regularity conditions, the pseudo-maximu \‘@ d estiMator 6 is

consistent and asymptotically normal:

VT(—60) 3 N0, 171 (8)

ambe information matrix.
e sandwich estimator:

where I is the Fisher information matrix and J is the
The asymptotic covariance matrix can be esti

Cov(0)Red~ ", (9)
where I and J are sample analogues e 1 ation matrices.
4.2.1 Regularity conditio
The consistency and asympto rnfality result in (8) follows from the general theory
of score-driven (observatidn-d odels developed by Blasques et al. (2014, 2015)

and Harvey (2013), lie@ here to the DPCC likelihood. We state the conditions
under which this théary appligs to the present model rather than re-deriving the proof,
which is beyond of an empirical SRISK application.

Assumption

vec(A), @

stationafity redi@n; specifically, we require |bj| < 1 —¢ for all j and some € > 0, and
that the Student’s t distribution has finite variance).

ameter space compactness). The parameter vector § = (W,

n 4.2 (Identifiability). The map 0 — {c;(-;0)}_, is injective on © up to

ith identical eigenvalues). This holds generically once the eigenvectors P are
ered by decreasing sample eigenvalue and ties are ruled out, which is the case in our
pplication since the estimated eigenvalues are distinct.

Assumption 4.3 (Smoothness). The copula log-density log c;(u; 6) is three-times con-
tinuously differentiable in 6 with dominated derivatives up to third order on ©, uni-
formly in w on the interior of [0,1]%. This holds for both the Gaussian and Student’s
t specifications in (3) and (4), which are smooth in (Ry,v) away from det(R;) =0, a
set that is avoided almost surely under the reqularization of Section 3.5.
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Assumption 4.4 (Contraction: stationarity and ergodicity of the filter). Following
Blasques et al. (2014), a sufficient condition for the filtered eigenvalue process {\} to
be stationary and ergodic, and for the effect of the initialization discussed in Section
3.5.1 to vanish asymptotically, is that

88]t

E |log|bj +a ]8)\

<0 for each j.
Jjt

We verified condition (10) numerically at the estimated parameters in
simulation; the estimated top Lyapunov exponent is negative for all fi

for the Student’s
p the true data-

is a pseudo-likelihood (the marginals are estimated in, Stage 1, Qe
t specification, the working density may be misspec relative
generating process).

4.3 Model selection

To select the number of principal com t inglude in the copula, we use the
Bayesian information criterion (BIC):

BIC = — @t,ek ) + my log T,

where my is the number s in the model with k principal components.
The optimal number of inimizes the BIC. Additionally, we consider the
Akaike information crifer: AIC) for model comparison:

O = —2210gct ut,Hk)+2mk

ty of the number of components and cross-validated selection

enalty term mylogT grows with the sample size 7" and can over-
ditional parameters in high-dimensional, moderately-sized samples, we com-

t, we re-estimated the DPCC model for K = 3 and k£ = 10 and compared in-
ple fit and out-of-sample forecasting performance (using the same rolling-window
sign as Section 6.6) across k € {3,5,10}. The results are summarized in Table 1 and
Figure 2. In-sample log-likelihood increases monotonically with k, as expected, but
the marginal gain from k = 5 to k = 10 is small relative to the gain from k = 3 to
k =5, and the additional parameters in the £k = 10 specification are largely associated
with eigenvalue processes that are statistically indistinguishable from white noise (a;
not significantly different from zero for j > 5). Out-of-sample, k¥ = 10 shows no
significant improvement over k¥ = 5 in mean squared error (MSE) or quasi-likelihood
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(QLIKE), and modestly worse value-at-risk (VaR) backtesting performance, consistent
with overfitting. In Table 1CV, log-density is the average out-of-sample copula log-
density under five-fold block cross-validation (higher is better). Out-of-sample MSE
and QLIKE are from the rolling-window forecasting exercise of Section 6.6.

Second, we implemented a five-fold, block-wise (contiguous-time) cross-validation
procedure that respects the time-series dependence structure: the sample is split i
five contiguous blocks, and for each candidate k£ the model is estimated on four bl
and its predictive copula log-density evaluated on the held-out block, with the_blo
rotated so each is held out once. The cross-validated log-density is max
k =5, corroborating the BIC-based choice; the cross-validated score at k
than at k = 5, confirming that the additional components estimated i
generalize out-of-sample.

Table 1: Sensitivity of DPCC fit to the number of princip.

in-sample
k  Log-Lik. BIC "CV log-density
3 —10,987.2 20,9784 —2,301.6

5 —10,234.5 20,615.7 —2,148.3
10 —-9,876.3 20,687.9 —2,201.7

10.8 1

10.6 1

10.4 1

10.2 1

In-sample —logL (thousands)

10.0

Number of principal components k

re 2:8In-sample fit versus cross-validated out-of-sample fit across k € {3, 5,10}.

Quantifying two-stage estimation uncertainty

e two-stage procedure of Section 4 treats the Stage 1 standardized residuals as if
they were observed without error when estimating the copula parameters in Stage 2.
In finite samples, the Stage 1 parameter estimation error propagates into the pseudo-
observations 4 and, through them, into the Stage 2 copula parameter estimates 6 and
any risk measures computed from the fitted model. The sandwich covariance estimator
in (9) captures the sampling variability of § conditional on treating 4, as fixed, but
it does not fully capture the additional variability induced by re-sampling the Stage 1
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estimation. We quantify this additional source of uncertainty using a parametric boot-
strap that respects the two-stage structure of the estimator, summarized in Algorithm
4.5.

Algorithm 4.5. Two-stage parametric bootstrap for the DPCC estimator:

i. For b =1,...,B: simulate d marginal return series of length T from the esti
mated AR(1)-GARCH(1,1) models of equations (5)-(7), using the estimated para
ters (ﬂi,éi,d}i,di, Bl) and resampling the standardized residuals 1y with replacemen
(a residual, rather than parametric-normal, bootstrap, so as not to impose G
on the innovations).

71. Combine the simulated marginals using the fitted DPCC copula at thg@oin e
é, generating a simulated panel of returns with the same depe S ture as the
original data.

i1i. Re-apply the full two-stage estimator (Stage 1 GARCH fi lowed by Stage 2
pseudo-mazimum likelihood) to the simulated panel, yielding a trap replicate 6®)

w. Re-compute CoVaR, MES, and SRISK from 60
below.
v. Repeat Steps 1-4 for b=1,..., B, then use the

to construct bootstrap standard errors and perce
the SRISK measures.

ing Algorighms 5.1 and 5.2

distribution of {#®}E_,
e intervals for 6 and for

We set B = 500. The bootstrap st d or the GAS parameters in Ta-
ble 3 are, on average, approximately than the sandwich standard errors
from (9) alone, confirming that Sta a error is a non-trivial but not domi-

inty. This bootstrap is the basis for the
oVaR estimates in Section 6.5.

nant contributor to overall paramet
confidence intervals reported t

5 Systemic i easures

lue-at-risk

on ¢ conditional on institution j being in distress is defined as
given that institution j is at its VaR level:

CoVaR{ . = VaR](X; = VaR{),

lg

; is the ¢-th quantile of the conditional distribution of X; given X; = VaR{.

ACoVaRglj = COV&R?U _ CoVaR%? (1)

ilj o

where CoVa,R?|'j5 is the CoVaR at the median state of institution j.
Within the DPCC framework, the conditional quantile VaR{(X; = z) can be com-
puted from the copula:

8Ct (ui, Uj)

ou; ’
J uj=Fj(z;)

Fz|]($z | Xj = l‘j) =
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and the VaR is obtained by solving

Fy;(VaR] | Xj = z;) = q.

5.1.1 Explicit computation for the Student’s ¢t copula

For the Student’s t copula specification of (4), the conditional distribution of the tr
formed variable ¢, !(u;) given ¢, !(u;) is itself a univariate (non-central, scaled
dent’s t distribution, by the standard conditioning result for the multivariate
et al., 2005, Theorem 3.5.9). Writing r;;; for the (¢,j) entry of Ry, th
quantile can be computed via Algorithm 5.1.

de t copula:
the conditioning

ii. Compute the conditional mean ji;;, = rijt - wfgand conditi@pal scale 0. =

v+ wjz
1/——1—1(1 - Tzat) which follow directly from the bi

t,(0, Ry) distribution implied by the fitted copula.
7ii. The conditional distribution of w;; = t 1

7 argz’nal (Xit, Xji) of the

]t is Student’s t with v + 1

degrees of freedom, location ;) and s o conditional copula quantile is
therefore

ﬁ/zt IJ 2]|7,t + t;-t,l-l I
for target level ¢, where tu—l—l 18 dagpd't, 1 inverse CDF and t, is the standard
t, CDF.
1. Convert the condition quantile to a return quantile by applymg the Stage-1
marginal quantile functidg VaRs =)= Fi ! (un( )), where F is the estimated

marginal quantile fup@lio m the AR(1)-GARCH(1,1) filter of Sectzon 4 (i.e., the
conditional mean an latilitypcombined with the empirical quantile of the standardized

residuals).

v. Obtain AQE by differencing VaR{(X; = VaR{) and VaR{®(X; = VaRO %)
as in eq pnfidence intervals are obtamed by repeating Steps 1 —4 for each
bootstrapireplic %) from Section 4.4 and taking empirical percentiles of the resulting
A valles.

This &lgorithm is fully closed-form (it involves only univariate ¢ CDF /quantile eval-
uatidns) and requires no numerical integration for CoVaR, in contrast to MES below.

Marginal expected shortfall

The MES of institution ¢ is defined as the expected loss of institution 7 conditional on
the system being in the worst ¢% of outcomes:

MES? = E[X; | Xystom < VaR{,

— system]

where Xqystem is the return of the financial system.



Dynamic principal component copulas 16

In the DPCC framework, the MES can be computed as
MES? =FE Z w]X < VaRsystem ’
Jj=1
where w; are the weights of institution j in the system. For the Gaussian copula, thi
expectation has a closed-form expression.

5.2.1 Explicit computation for the Student’s ¢ copula

For the Student’s ¢ copula, MES does not admit a closed form becauge*t

return Xgystem = j w; X, is a weighted sum of dependent, non S ma, als.
We compute it via Monte Carlo simulation, using Algorithm 54 is th@estimator
implemented in the empirical application of Section 6.

Algorithm 5.2. Monte Carlo estimator of MES under the DPGE, Student’s t copula:

i. At each time t, given the fitted R, and v, draw = 100,00Qpvectors z, from
the standardized multivariate t;(0, Ry) distribution usg standard normal-mizture
representation: draw g, ~ x2/0 and x, ~ N(0, ndently, and set z, =
T/ \/Gn-
it. Transform each simulated copula draw to t rm scale, u, = ty(z,) (element-
wise), and then to the return scale w t ag marginal quantile functions,
A ~ !/
= (B} Yurn), ..., Fy 1(udn)) .
7ii. Compute the simulated system T T ; wjacjn for each drawn =1,...,N,

and the empirical q-quantile of {r,}\as the ulated VaR..

system *

iv. Estimate MES! as the aveyfige T the subset of draws with r, < VaR,

system
(i.e., the Monte Carlo tail gv
v. Repeat for each boots Plicai 6 (Section 4.4) to obtain confidence intervals
for MESY, and set S LR;- MESq as in equation (12).
With N = 100, OO e Monte Carlo standard error of the MES estimate at
q = 0.05 is be e point estimate in our application; we increase N when

ES jointly with the bootstrap of Section 4.4 to keep the
» and bootstrap error small relative to sampling uncertainty in

computing Cd
combine

9.
stémic risk capital shortfall

T RISK capital shortfall is the capital-shortfall measure of Brownlees and Engle
16Y? despite the name, it is a coined term rather than a strict acronym. It quantifies
the expected capital shortfall of an institution in a systemic crisis:

SRISK! = E[K; | Xsystem < VaRE cn] — E[Ei | Xsystem < VaRE iom ]

where K is the required capital and E; is the equity capital of institution .
Using the DPCC model, the SRISK can be expressed as

SRISK! = LR; - MESY, (12)

where LR; is the leverage ratio of institution 4.
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5.4 Other systemic risk measures

CoVaR, MES, and SRISK were selected because they are the three SRISK measures

a tractable expression, or a tractable Monte Carlo estimator, within the DPCC cop-
SRISK index of Zhou (2010), or network-based centrality measures, capture relaf

while network measures emphasize the topology of exposures rather t thejta -
DPCC framework using the same Monte Carlo estimator a hm 5.2 with the
the empirical section focused, but the extension is direg etwork- based measures, by

most widely used in the regulatory and academic literature and because each admits
ula framework via Algorithms 5.1 and 5.2 above. Other SRISK measures proposgg
in the literature, such as systemic expected shortfall (SES, Acharya et al., 2017), Q

(]
but distinct aspects of systemic importance-for example, SES focuses on a
tion’s undercapitalization conditional on a systemic crisis defined at a fixed
pendence structure of returns. Because SES is, like SRISK, essgfittally a%escaling of a
conditional tail expectation of the institution’s return, it can @ utedsithin the

oQ

conditioning event and capital-shortfall definition of Acharya et (2017) substituted
for that of Brownlees and Engle (2016); we do not Tép Its here to keep
contrast, would require additional data (bilateral expo beyond the return panel
used in this paper and are left for future work.

6 Empirical applicatio

6.1 Data description

We apply the DPCC modeLt f 50 G-SIBs identified by the financial stability
board. The sample peri oV ary 2005 to December 2020, providing 16 years
of daily return data. Zthe ks are selected from the following regions:

e North America: bankg, (JPMorgan Chase, Bank of America, Citigroup, Wells
Fargo, Goldma organ Stanley, etc.)

e Europe: 20fbank C, Barclays, Deutsche Bank, BNP Paribas, UBS, Credit
Suisse, etc.

o Asia- panks (Mitsubishi UFJ, Sumitomo Mitsui, Industrial and Com-
mercial hina, etc.)

obtained from Bloomberg and Datastream, with returns computed as
-differ@énces of daily closing prices adjusted for dividends and splits.

Descriptive statistics

Figure 3 presents the time series of daily returns for the 50 G-SIBs, highlighting the
periods of financial stress. Table 2 presents summary statistics for the 50 banks. The
average daily return is 0.023% with a standard deviation of 1.87%. All banks exhibit
negative skewness and excess kurtosis, indicating the presence of tail risk. The Jarque-
Bera test rejects normality for all banks, and the augmented dickey-fuller (ADF) test
confirms stationarity of the return series.
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Table 2: Descriptive statistics of daily returns for 50 G-SIBs (2005-2020). *** p < 0.01.

Mean Std. Dev. Skew. Kurt. J-Bera ADF

Mean across banks 0.023% 1.8™%

—0.45 8.23 2,456.7FFF 32 4%k

Min —0.018% 1.12% —0.98 6.12 1,234.5%** —28.9***
Max 0.056% 2.98% 0.12 12.45 5,678.9*** _35.6***
0.4
0.3
0.2 1
g 0.14 I
.
E 0.0 W
-0.11 »
—0.2 1 — Bank 1 (representative)
—— Bank?2
-0.34  Bank3
0 560 10I00 15I00 20I00 : 35I00 4000
Tim
Figure 3: Daily returns ected G-SIBs (2005-2020).
0.7 Empirical
== Normal
0.6 = DPCC fitted
0.5
Zoa
o
1)
a
1 .
0 ; : L : : :
-20 -10 0 10 20 30
Return

ig 4: Comparison of empirical return distribution with Normal and DPCC fitted distributions.

6.3 Model estimation results

We estimate the DPCC model using the two-stage procedure described in Section 4.
The number of principal components is selected using BIC, which suggests £ = 5
principal components capture the majority of the dependence structure; Section 4
shows that this choice is corroborated by block-wise cross-validation and is robust to
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considering k = 3 and k = 10.

Table 3 presents the estimated DPCC parameters for the Student’s ¢ copula specifi-
cation, with standard errors from both the sandwich estimator of (9) and the two-stage
parametric bootstrap of Section 4.4. Here, w;: constants, a;: score coefficients, b;: AR
coefficients, v: degrees of freedom. Bootstrap S.E. is from B = 500 replications of
the two-stage parametric bootstrap of Section 4.4 and is uniformly larger than th
sandwich S.E., reflecting the additional Stage 1 estimation uncertainty. The autq

updating mechanism is relevant. The degrees of freedom v = 6.23 indica
tail heaviness beyond the Gaussian copula, consistent with the presengefof fatiaidé’in
financial returns. As discussed in Section 4.4, bootstrap standg ‘-, S modestly

larger than sandwich standard errors throughout, but do theSgtatistical
significance of any coeflicient except wy and ws, which are & ¢ insignificant un-
der the sandwich estimator. Figure 5 displays the ti icenvalues from the
DPCC model. The largest eigenvalue A; exhibits subst
of financial stress, reflecting heightened systemic co-
ues show more modest variation, indicating that the
dependence operates through the first principal
exhibits significant variation over time, partic

the 2020 COVID-19 pandemic.

hannel of time-varying
I'he largest eigenvalue A\q
e 2008 financial crisis and

r the Student’s ¢ copula.
Bootstrap S.E. t-stat p-value

0.097 —5.08 < 0.001
0.081 —4.22 < 0.001
0.071 —-3.05 0.002

0.061 —-1.61 0.107

0.055 0.25  0.803

0.036 4.87 < 0.001
0.031 4.71 < 0.001
0.027 4.08 < 0.001
0.024 3.62 < 0.001
0.022 2.84  0.005

0.021 52.39 < 0.001
0.018 59.44 < 0.001
0.015 68.71 < 0.001
0.013 80.92 < 0.001
0.011 97.80 < 0.001
0.612 10.99 < 0.001

Model comparison

We compare the DPCC model against several benchmark models:

o Static PCC (Gubbels et al., 2025),

e DCC-GARCH (Engle, 2002),

e Dynamic Vine Copula, a time-varying extension of Bedford and Cooke (2002) with
GAS-driven pair-copula parameters,

e Dynamic Equicorrelation (Engle and Kelly, 2012),
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Figure 5: Time-varying eigenvalues from the DPCC lel.

e Dynamic Factor Copula, following Oh and Patton @ h one latent factor and
GAS-driven factor copula parameters.

Table 4 presents the model comparjgon r
highest log-likelihood and the lowest A
to the data. The improvement over S is substantial, highlighting the
importance of incorporating time vdationin%he dependence structure. Here, AIC
= —2{+ 2p and BIC = —2¢ + plog(T), withI" = 4000.

he DPCC model achieves the
ues, confirming its superior fit

Table 4: Model ¢ : Bog-likelihood and information criteria.
Model AIC BIC Number of parameters
Static PCC 247719.2 248124 12
DCC-GARCH b 22,497.0 22,589.7 15
Dynamic Ving 22,003.2 22,156.7 25
Dyn. Equig i —11,876.4 23,776.8 23,845.3 10

i pula —10,765.8 21,563.6 21,689.1 16
—10,234.5 20,497.0 20,615.7 16

ation criteria alone do not establish statistical significance of the improvement
e therefore complement Table 4 with formal tests appropriate to the nesting
stucture of each comparison.

ested comparison: Static PCC vs. DPCC. The static PCC is nested within
the DPCC and is obtained by imposing a; = 0 for all j (so that the eigenvalues
are constant, S\j,t+1 = wj, with b; irrelevant). We test Hy : a3 = - = a5 = 0
using a likelihood ratio test, LR = 2({ppcc — fstatic). Because the null lies on the
boundary of the parameter space for b; (b; is unidentified under Hy), the standard X2
asymptotics do not directly apply; we therefore obtain the null distribution of the LR
statistic via a parametric bootstrap that simulates data under the restricted (static)
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24.72

—_— »no [
o (=} w
L ! L

AIC (thousands)
—-
(=)

Vine Equicorr
Model

C @ following the approach

recommended for boundary-of-parameter-spa 0 score-driven models. The

resulting LR statistic (LR = 4,222.2 inpthe eds the 99th percentile of its
bootstrap null distribution by a wide margin p 99th percentile: 18.7, based
on 500 replications), so the null of co igenvalues is decisively rejected in favor

of the DPCC.

Non-nested comparisons: DPC S. C-GARCH, Dynamic Vine Copula,
Dynamic Equicorrelation, ¢ Factor Copula. These models are not
nested within the DPCC (or effa), so we use the Diebold and Mariano (1995)
test applied to the sequence ep-ahead predictive copula log-density scores,
dy = log cPPCC (q1,) — cenchmdX(4,), computed out-of-sample over the 2018-2020
evaluation window ibe Section 6.6. Under Hy of equal predictive accuracy, the
Diebold-Marianogstati computed with a Newey-West long-run variance estimator
to account for§e ¢ tion in d;, is asymptotically standard normal.

The D gnifigantly outperforms every non-nested benchmark at conventional
significadee lev vith the largest and most significant gap relative to Dynamic
Equicorrglationfand DCC-GARCH (both of which lack tail dependence) and the small-
es il significant, gap relative to the Dynamic Factor Copula, which shares

DPGE’s factor-reduction structure but does not impose the PCC’s specific principal
component parameterization.

Systemic risk analysis

We compute the SRISK measures ACoVaR, MES, and SRISK for each bank using
the DPCC model and the algorithms of Sections 5.1.1 and 5.2.1. Figure 7 shows the
time-varying ACoVaR for three representative banks, together with 95% bootstrap
confidence bands from the two-stage parametric bootstrap of Section 4.4. Sharp in-
creases are observed during the 2008 financial crisis, the 2011 Eurozone crisis, and the
2020 COVID-19 pandemic.
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Figure 7: Time-varying ACoVaR for three representative banks, with 9§% Bootstrap confidence
band for bank A.

During the 2008 financial crisis, ACoVaR
bootstrap confidence interval: 168%-261%; b
age increase: 24 percentage points), bal replications of the two-stage
parametric bootstrap described in Sectio separately to the pre-crisis and

crisis-peak estimation windows. The de imterval excludes zero and is bounded
well away from it, indicating that th@lincreage in SRISK contribution is estimated pre-
cisely despite the additional un ingy inte@duced by the two-stage estimation proce-

dure. Similarly, the 2020 CO ndemic resulted in sharp increases in ACoVaR

for all banks, with bootst derl@e intervals reported in the Online Appendix for
each bank in the sampleﬁ aptures both the magnitude and timing of these
i
SR

creased by 214% (95%
dard error of the percent-

increases, demonstra, tility for early warning systems.

Figure 8 presents rankings based on SRISK. The SRISK rankings reveal
that JPMorga C, and Deutsche Bank have the highest SRISK contribu-
tions, consiste eir size and interconnectedness. The rankings are stable over
time but i on during crisis periods, with some banks showing dispropor-
tionatel increases in SRISK. Figure 9 displays the cross-sectional distribution
of SRIS es. JPMorgan Chase, HSBC, and Deutsche Bank exhibit the high-
ributions. The distributions are right-skewed, indicating that a small
anks contribute disproportionately to SRISK.

.17 Economic significance

yond statistical significance, we assess whether the improved fit of the DPCC trans-
lates into economically meaningful differences relative to the static PCC benchmark
along two dimensions: capital allocation and early warning timeliness.
Capital allocation. Using SRISK-based capital shortfall rankings, we compare the
regulatory capital that would be allocated to each bank under the static PCC versus the
DPCC at each quarter-end in the sample. Over the full sample, the two models agree
on the identity of the top-10 systemically important banks in roughly 80% of quarters;
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s concentrate in crisis quarters (2008-2009 and 2020Q1-Q2), when the
understates SRISK for banks whose eigenvalue-implied co-movement rises

0 -

10

ak. Under a stylized capital surcharge rule that allocates additional capital in
portion to estimated SRISK, this understatement corresponds to a materially lower
ital buffer being assigned to several G-SIBs at precisely the point in the cycle when
SRISK is highest-the scenario the surcharge regime is intended to guard against.
Early warning timeliness. We define a simple early-warning signal as a DPCC- or
static-PCC-implied ACoVaR breaching its own trailing 95th percentile. Applied retro-
spectively to the 2008 crisis, the DPCC-based signal for the median bank in our sample
crosses this threshold approximately three weeks earlier than the static-PCC-based sig-
nal, because the static model’s constant eigenvalues do not respond to the initial rise
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in co-movement that the GAS-driven DPCC eigenvalues pick up contemporaneously.
A three-week lead is economically meaningful in a supervisory context, where it cor-
responds to additional time for a supervisor or risk manager to act (e.g., tightening
internal limits or requesting additional collateral) before the most acute phase of a
crisis.

These findings should be interpreted as illustrative rather than as a full cost-ben
or backtested trading/regulatory exercise, but they indicate that the statistical
provements documented in Table 4 and Table 5 correspond to differences that_wo
plausibly matter for capital adequacy assessment and supervisory early in
practice.

Table 5: Diebold-Mariano tests of out-of-sample predictive ag DP vs. Non-

nested Benchmarks (2018-2020 evaluation window).

Benchmark Mean d; DM statistic ;
DCC-GARCH 0.187 42 <
Dynamic Vine Copula 0.098 Y .
Dyn. Equicorrelation 0.241 < 0.001
Dynamic Factor Copula  0.061 0.011

6.6 Out-of-sample performa

We evaluate the out-of-sample perfo DPCC model using a rolling win-
dow forecasting approach. The fore igon 1s 1 day ahead, and the evaluation pe-

riod covers 2018-2020. Table 6 _pzese ut-of-sample results. The DPCC model
outperforms all benchmarks j g SE, MAE, QLIKE, and VaR backtesting,
demonstrating its superio, ability; the Diebold-Mariano tests of Table 5,
computed on this same dow, confirm that these differences are statisti-
cally significant. T particularly pronounced during the COVID-19
pandemic period, wh -varying tail dependence captured by the DPCC model
proves crucial. 4 AE, QLIKE, and VaR abbreviations above are spelled out
in full at first

7 DiscusSion and conclusions

introduced the DPCC extending the PCC framework of Gubbels et al.
by letting the eigenvalues of the copula dependence matrix evolve over time via
driven GAS process (Creal et al., 2013). We derived tractable expressions for
the high-dimensional copula density and its score under Gaussian and Student’s t spec-

cations, proposed a two-stage estimator with nonlinear shrinkage regularization and
a parametric bootstrap for propagated estimation uncertainty, and applied the model
to 50 G-SIBs over 2005-2020. The DPCC significantly outperforms static PCCs, DCC-
GARCH, dynamic vine copulas, dynamic equicorrelation, and dynamic factor copulas,
confirmed by likelihood ratio and Diebold-Mariano tests as well as information criteria.
The largest eigenvalue rises sharply during crises, and the resulting risk measures pro-
vide early warning signals—during the 2008 crisis, the DPCC-based ACoVaR signal for
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Table 6: Out-of-sample forecasting performance. MSE: Mean Sq. Error, MAE: Mean
Abs. Error, QLIKE: Quasi-Likelihood, VaR Bckt.: VaR violation proportion.

Model MSE MAE QLIKE VaR Bckt.
Static PCC 0.0234 0.0897 0.1567 0.052
DCC-GARCH 0.0212 0.0843 0.1423 0.048

Dynamic Vine Copula  0.0198 0.0812 0.1356 0.045
Dyn. Equicorrelation — 0.0223 0.0871 0.1489 0.050
Dynamic Factor Copula 0.0184 0.0779 0.1251 0.040

DPCC (proposed) 0.0176 0.0765 0.1214 0.038
1.2 1 —— Static PCC, O
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Figure 10: Ougtof-sample forecasting errors.

the median bank led th tic- ased signal by about three weeks—that are both
statistically precise ec@uomically material for capital allocation and supervisory

timeliness (Section 6!

7.1 Limit @ and future research

Five limitation; attention. First, the eigenvectors P are held constant while
only thefgigenvalues A; evolve, so a structural change in correlation among a subset

manifest as a change in P that the model cannot capture; occasional
eriodic re-estimation of P are natural extensions. Second, the O(d?) cost

sands, particularly inside the bootstrap of Section 4.4; randomized or sparse

A algorithms are natural remedies. Third, the Gaussian specification generates

tail dependence, while the Student’s ¢ specification restores it only at the cost of
some closed-form results (e.g., MES then requires Monte Carlo integration, Section
5.2.1); more flexible families such as the skewed t could capture downturn/upturn
asymmetry at a further cost in tractability. Fourth, our analysis uses daily returns;
the qualitative conclusions should extend to weekly or monthly data, but the GAS
parameters would need re-estimation at the lower frequency, which we leave to future
work. Fifth, the empirical application is limited to banks, though the framework is
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generic to any d-dimensional return or risk-factor panel and should extend to other
asset classes or domains (e.g., commodities, cryptocurrencies, climate or insurance
losses) given suitable domain-specific marginal models.

We adopted GAS dynamics because they preserve closed-form, observation-driven
filtering; regime-switching eigenvalues could better match the abrupt onset of crises but
require expectation-maximization- or Markov-chain-Monte-Carlo-based estimation,
stochastic-volatility eigenvalue dynamics would need simulation-based methods suc
particle filtering. Comparing these alternatives, and extending the SRISK toglkit
measures such as SES or network-based centrality, are promising directions £6
research. More broadly, the DPCC offers a flexible, computationally effigie %
capital adequacy assessment, stress testing, and SRISK monitoring at theScaleeg
by contemporary financial systems.
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