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1 Introduction

Receiver operating characteristic (ROC) curve analysis is a widely used approach for
evaluating the discriminatory ability of binary classification and diagnostic systems.
The ROC curve is obtained by plotting the true positive rate (TPR) against the false
positive rate (FPR) across decision thresholds, providing a threshold-independent mea-
sure of the ability to distinguish between two populations. ROC analysis has been
extensively applied in medicine, engineering, machine learning, data mining, and other
predictive domains. Originating from signal detection theory, ROC methodology was
later adopted in psychological research and diagnostic medicine, particularly in radiol-
ogy and diagnostic test evaluation (Goodenough et al., 1974; Hanley and McNeil, 1982,
1983; Erdreich, 1981). Its importance has further increased with the development of
modern predictive models and classification algorithms.

The area under the ROC curve (AUC), which is discussed in ROC analysis by Han-
ley and McNeil (1982) and Fawcett (2006), is one of the most commonly used summary
measures for evaluating discrimination. It provides a global and threshold-independent
measure and can be interpreted as the probability that a randomly selected positive ob-
servation receives a higher score than a randomly selected negative observation. Higher
AUC values indicate stronger discriminatory performance, with AUC = 1 representing
perfect discrimination. Therefore, AUC has become a standard measure for comparing
diagnostic procedures and binary classifiers.

The Lorenz curve, introduced by Lorenz (1905), provides a fundamental framework
for analyzing economic inequality and concentration through the cumulative distribu-
tion function (CDF) of a non-negative random variable. Under the assumptions of a
non-negative support and finite positive mean, the Lorenz curve and the Gini coeffi-
cient have become standard tools for measuring income and wealth inequality since the
contributions of Lorenz (1905) and Gini (1914). The Gini coefficient summarizes the
deviation of the Lorenz curve from perfect equality and quantifies the concentration of
a non-negative quantity within a population.

The study of inequality measurement has resulted in various extensions of Lorenz
curves and alternative concentration indices. Theoretical properties of Lorenz curves,
their moments, and related inequality measures have been extensively investigated. As
emphasized by Arnold and Sarabia (2018), distinguishing between population-level the-
oretical results and sample-based statistical quantities is essential, particularly when
examining relationships between inequality measures and statistical performance mea-
sures in finite samples.

Although ROC and Lorenz analyses originate from different fields, their mathe-
matical structures share common elements, including CDFs, ranking, and comparisons
between populations. These connections have motivated studies linking Lorenz rep-
resentations, ROC curves, concentration measures, and related indices. Kdmpke and
Radermacher (2015) examined Lorenz-based inequality measures, while Figini et al.
(2012) studied ROC ordering and stochastic dominance. More directly, Irwin and
Hautus (2015) demonstrated that under specific distributional assumptions, lognormal
Lorenz curves can correspond to normal ROC representations, providing an important
link between inequality and discrimination frameworks.

The relationship between Gini-type measures and ROC analysis has been stud-
ied from a concentration perspective. Schechtman and Schechtman (2019) examined
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the connection between Gini terminology and ROC curves, while Gasparini and Sac-
chetto (2020, 2023) developed ROC-related concentration functions and explored their
link with diagnostic discrimination. These studies highlight mathematical connections
among Lorenz-type representations, concentration measures, ROC curves, and Gini-
related indices.

Despite these established connections, the literature remains divided across disci-
plinary perspectives. Lorenz curves and Gini indices are mainly studied in inequality
and concentration analysis, whereas ROC curves and AUC focus on diagnostic accuracy
and predictive discrimination. A unified framework that integrates these perspectives
while distinguishing mathematical relationships from substantive interpretations can
provide a valuable cross-disciplinary perspective.

An important distinction should be made between the inequality Gini coefficient and
the Gini discrimination index. In inequality analysis, the Gini coefficient is associated
with the Lorenz curve, whereas in classification and ranking analysis the quantity

Gaise = 2AUC — 1, (1)

represents a Gini discrimination or ranking index. Although both measures share
mathematical and geometric connections, they have different substantive interpreta-
tions: the former describes distributional inequality, while the latter quantifies the
ranking ability of a score to distinguish between two classes.

The identity given in (1) is an established result and is not considered a new math-
ematical contribution of this study. Instead, this paper examines how Lorenz-type
curves, concentration measures, ROC curves, AUC, and Gini-related indices can be
interpreted within a unified ranking- and distribution-based framework, while consid-
ering related threshold-dependent measures such as Cohen (1960).

The paper complements the conceptual analysis with analytical examples, simula-
tion experiments, and applied illustrations. The empirical study evaluates the finite-
sample behavior of AUC and its Gini discrimination transformation under varying dis-
tributional conditions, sample sizes, and class imbalance, focusing on bias, variability,
and confidence-interval coverage.

Accordingly, the manuscript is organized as follows. The next sections introduce
the Lorenz curve and ROC framework, including their main properties and associated
measures. Subsequent sections develop the mathematical and conceptual connections
among ROC representations, Lorenz-type curves, Gini-related indices, and concentra-
tion measures, followed by analytical examples, simulations, and applied illustrations.
The final section summarizes the main findings and concluding remarks.

The relationship between AUC and the Gini discrimination index, given in (1), is
an established result and should be distinguished from the economic Gini coefficient
used in inequality measurement. This study does not introduce this transformation
as a new theoretical result instead, it provides an integrated analytical perspective on
the connections among Lorenz-type representations, inequality and discrimination Gini
measures, ROC curves, AUC, and concentration functions.

The primary contribution of this study is integrative, combining perspectives from
inequality measurement, concentration analysis, diagnostic testing, and classification
within a common framework based on CDFs, ordering, and ranking. It synthesizes
established results from Lorenz and Gini analysis (Lorenz, 1905; Gini, 1914; Arnold
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and Sarabia, 2018), ROC analysis (Hanley and McNeil, 1982; Fawcett, 2006), Lorenz—
ROC relationships (Irwin and Hautus, 2015), Gini-ROC connections (Schechtman and
Schechtman, 2019), and ROC-based concentration functions (Gasparini and Sacchetto,
2020, 2023). The aim is not to replace these contributions, but to clarify their relation-
ships and the conditions under which their mathematical similarities admit meaningful
interpretations.

A second contribution is the distinction between mathematical equivalence and
substantive interpretation. The established transformation in (1) does not imply that
economic inequality and predictive discrimination represent the same phenomenon.
The economic Gini coefficient measures inequality or concentration of a non-negative
distribution, whereas AUC and Ggisc quantify the ranking ability of a score to dis-
tinguish between two populations. This study therefore distinguishes exact identities
from interpretive similarities and clarifies the conditions under which Lorenz-type and
ROC-type representations can be meaningfully compared.

A third contribution is empirical. The study examines the finite-sample behavior
of AUC and its Gini discrimination transformation through Monte Carlo simulations
under varying sample sizes, class imbalance levels, and distributional settings. The
analysis evaluates bias, sampling variability, and confidence-interval coverage, while
characterizing how uncertainty is transferred between AUC and Ggjsc through their
linear relationship.

Finally, the study provides analytical and applied illustrations to clarify the practi-
cal interpretation of the developed relationships. The comparison with Cohen’s kappa
highlights the distinction between threshold-independent discrimination and threshold-
dependent agreement. Table 1 summarizes representative contributions and positions
this study as an integrative synthesis of established results, combined with empirical
robustness analysis, rather than a proposal of a new Gini-AUC identity.

2 The Lorenz curve: A measure of inequality

Introduced by Max Lorenz in 1905, the Lorenz curve is a fundamental graphical rep-
resentation of the distribution of a non-negative quantity, such as income or wealth,
within a population (Lorenz, 1905). In its standard form, the horizontal axis represents
the cumulative population share ordered from the lowest to the highest values, while
the vertical axis represents the corresponding cumulative share of the total quantity.
The curve starts at (0,0) and ends at (1,1), with the 45° line representing perfect
equality, where each population proportion receives an equal share of the total amount
(Lorenz, 1905).

For a non-negative random variable X with distribution function F' and finite pos-
itive mean p, the population Lorenz curve is defined by

1 P
L(p) = 7/ F_l(u),du7 0<p<1,
rJo

where F~!(u) denotes the quantile function of X. The Lorenz curve satisfies L(0) =
0 and L(1) = 1. Under standard assumptions, L(p) is non-decreasing and convex;
however, differentiability is not required everywhere because some distributions may
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Table 1: Representative literature on Lorenz curves, Gini-related measures, ROC
curves, AUC, and concentration functions.
Study Perspective and contribution Relevance to the
present study
Lorenz Lorenz curve and concentration. Introduced Foundation for the in-
(1905) the Lorenz curve for representing wealth con- equality and concentra-

centration and distribution.

tion perspective.

Gini (1914)

FEconomic inequality measurement. Developed
the Gini coefficient as a scalar measure of dis-
tributional inequality.

Foundation for  the
Lorenz-based inequality
measure.

Arnold and Lorenz ordering and majorization. Developed Supports the distinction

Sarabia the theoretical treatment of Lorenz ordering between population-

(2018) and majorization in inequality and distribu- level Lorenz concepts
tional analysis. and sample-based quan-

tities.

Hanley ROC curves and AUC. Established fundamen- Statistical — foundation

and  Mec- tal interpretations and statistical methods for for interpreting AUC

Neil (1982, AUC in diagnostic discrimination. as a discrimination

1983) measure.

Fawcett ROC analysis and classification. Provided a Provides the classifi-

(2006) systematic treatment of ROC curves, AUC, cation and machine-

thresholds, and classification performance.

learning perspective.

Figini et al.

Stochastic comparison of ROC curves. Stud-

Background for distri-

(2012) ied ordering and stochastic comparison of butional ordering and
ROC curves, including intersecting curves. ROC comparisons.

Irwin  and Lorenz-ROC relationship. Established a Key example of a

Hautus mathematical relationship between lognormal distribution-specific

(2015) Lorenz curves and normal ROC curves under Lorenz-ROC  connec-
specific distributional assumptions. tion.

Schechtman Gin? terminology and ROC curves. Examined Supports distinction

and Gini-related terminology, ROC curves, and between Gini-related

Schecht- concentration-based interpretations of ROC discrimination concepts

man (2019) analysis. and ROC interpreta-

tions.

Gasparini  Concentration functions and ROC. Defined a Connects ROC analysis

and  Sac- concentration function for ROC analysis and with concentration con-

chetto examined its theoretical properties. cepts.

(2020)

Gasparini  Concentration and ROC curves. Further ex- Extends the

and  Sac- amined the relationship between concentra- concentration-based

chetto tion functions and ROC curves. theoretical perspective.

(2023)

Present Integrated analytical and methodological syn- Provides a  unified

study thesis. Brings together Lorenz-type represen- framework,  separates
tations, the economic Gini coefficient, Gini- mathematical identities
related discrimination measures, ROC curves, from interpretations,
AUC, concentration functions, and Cohen’s and evaluates robust-
kappa through analytical, simulation-based, ness.

and applied investigations.
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yield non-differentiable quantile functions or Lorenz curves. When differentiability
-1
holds, L' (p) = T2,

The value L(p) represents the cumulative proportion of the total amount held by
the lowest 100p% of the population. The deviation of the Lorenz curve from the line of
perfect equality reflects the degree of inequality: curves closer to this line indicate more
equal distributions, whereas larger deviations imply greater inequality. Several related
concentration and inequality measures can also be derived from the Lorenz curve.

e Leimkiihler curve: K(p) =1 — L(1 —p), 0 < p < 1, representing the cumulative
share of the upper population when ordered from highest to lowest values.

e Bonferroni curve: B(p) = %, 0 < p <1, comparing the average amount held by
the lowest proportion p with the population mean.

e Zenga curve: Z(p) =1— % 1712&)7 0 < p < 1, providing an alternative inequality
representation based on lower and upper population segments.

These extensions show that Lorenz-based representations provide alternative views
of concentration and inequality. In this study, they are considered primarily as concep-
tual foundations for comparing Lorenz-type representations, concentration functions,
and ROC-based measures.

2.1 Gini coefficient

The Gini coefficient, introduced by Corrado Gini and widely used as a measure of
inequality, quantifies the deviation of the Lorenz curve from the line of perfect equality
(Lorenz, 1905; Gini, 1914). For a Lorenz curve L(p), the population Gini coefficient is
defined as

1
C;ineq =1- 2/ L(p) dp

0

For a non-negative distribution, Gieq ranges from 0 to 1, where 0 represents perfect
equality and larger values indicate greater inequality. The coefficient is widely used to
compare inequality and concentration across populations and distributions.

2.2 Distinguishing income Gini from Gini discrimination

A central distinction in this study concerns two different quantities that are both
referred to as “Gini.” The inequality Gini coefficient, denoted by Gineq, is derived from
the Lorenz curve and measures inequality in the distribution of a non-negative variable,
whereas the Gini discrimination index, denoted by Ggisc, is associated with ROC-based
ranking performance. Table 2 summarizes the distinction between these measures.

The established transformation between AUC and Ggisc is given by (1) and does
not imply equivalence between economic inequality and predictive discrimination. Al-
though both frameworks involve CDFs, ordering, and concentration-related concepts,
they address different quantities and scientific objectives. Therefore, Gineq and Gagisc
are treated as distinct measures throughout this study.
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Table 2: Comparison between the inequality Gini coefficient and the Gini discrimina-
tion index.

Feature Inequality Gini coefficient Gini discrimination index
Primary quantity Income, wealth, or other Predictive or classification
non-negative quantity score ranking two classes
Main purpose Measures inequality Measures discriminatory
or concentration ranking ability
Underlying Lorenz curve ROC curve and
representation ranking comparison
Interpretation 0: perfect equality; 0: random discrimination;
larger values: 1: perfect discrimination when
greater inequality higher scores indicate
the positive class
Substantive Distributional inequality Ability to rank
meaning or concentration positive observations

above negative observations

3 The ROC curve: Evaluating classification perfor-
mance

The ROC curve is a fundamental tool for evaluating the discriminatory performance
of binary classifiers in statistics, diagnostic testing, and machine learning (Metz, 1978;
Hanley and McNeil, 1982; Fawcett, 2006). It represents the relationship between TPR
and FPR across classification thresholds and provides a threshold-independent assess-
ment of ranking performance. The main quantities defining the ROC curve are:

e True Positive Rate or Sensitivity: TPR = %.

e False Positive Rate: FPR = Fpiﬁ = 1 — Specificity.

The ROC curve is obtained by plotting TPR against FPR across all possible thresh-
olds and extends from (0,0) to (1,1). Curves closer to the upper-left corner indicate
stronger discrimination, whereas TPR = FPR represents random classification. Since
ROC analysis evaluates the ranking of observations across all thresholds rather than a
single cutoff, it provides the foundation for the threshold-independent measure AUC.

3.1 Area under the curve

The AUC is a widely used measure of binary discrimination (Hanley and McNeil, 1982;
Fawcett, 2006). It can be interpreted as the probability that a randomly selected posi-
tive observation receives a higher score than a randomly selected negative observation.
Accounting for possible ties,

AUC = P(S; > Sp) + %P(Sl = Sp). (2)

For continuous score distributions, this reduces to AUC = P(S; > Sp). Equivalently,
AUC represents the area under the ROC curve:

1
AUC = / ROC(1) dt,
0

where t denotes the FPR. In general, 0 < AUC < 1, with 0.5 indicating random dis-
crimination and 1 representing perfect discrimination. The probabilistic interpretation
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in (2) highlights that AUC is fundamentally a ranking-based measure, providing the
basis for its connection with Gini discrimination measures.

3.2 On the relationship between Lorenz-type and ROC curves

Although Lorenz and ROC curves may exhibit geometric similarities, they are based
on different probabilistic structures and should not generally be considered identical.
The Lorenz curve is derived from the quantile function of a non-negative random
variable and normalized by its mean, whereas the ROC curve is constructed from
class-conditional score distributions and represents the trade-off between TPR and
FPR across thresholds. Therefore, relationships such as L(p) = 1 — ROC(1 — p), are
not universal identities.

Under specific distributional assumptions and transformations, however, exact cor-
respondences may exist. For example, Irwin and Hautus (2015) established a rela-
tionship between lognormal Lorenz curves and ROC representations based on normal
distributions. Such cases demonstrate that common distributional structures can gen-
erate related representations, but they should be distinguished from general graphical
similarities. Accordingly, this study considers Lorenz—ROC connections as valid ana-
lytical correspondences only when the underlying assumptions and transformations are
explicitly specified, avoiding the interpretation of graphical resemblance as a general
mathematical identity.

4 Mathematical relationship between the ROC curve,
Leimkiihler curve, and Cohen’s Kappa

The Lorenz and ROC curves originate from different fields and address different ob-
jectives: the former describes the distribution and concentration of a non-negative
variable, whereas the latter evaluates the ranking ability of binary classifiers. Despite
these differences, both can be represented through CDFs and rankings. The established
relationship between ROC-based discrimination and the Gini discrimination index is
given by (1) and is not presented as a new result of this study. Related connections
among ROC curves, concentration measures, and Lorenz-type representations have
been studied under specific definitions and distributional assumptions (Irwin and Hau-
tus, 2015; Schechtman and Schechtman, 2019; Gasparini and Sacchetto, 2020, 2023).

This section focuses on clarifying the relationships among Lorenz curves, Leimkiihler
curves, ROC-based representations, and Cohen’s kappa, while distinguishing mathe-
matical transformations from substantive interpretations. In particular, the inequality
Gini coefficient Gineq should be distinguished from the ranking-based Gini discrimina-
tion index Ggjsc.

4.1 Distributional perspectives: Lognormal and normal distri-
butions

The connection between Lorenz-type and ROC-type curves can be illustrated under
specific distributional assumptions. Consider a positive random variable X following
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a lognormal distribution, i.e. log(X) ~ N (u,c?). The Lorenz curve of the distribution
has the closed-form expression (Kleiber and Kotz, 2003) as

Lip)=®(® '(p)—0), 0<p<l1,

where @ denotes the standard normal CDF and ®~1(p) is the the quantile function of
the standard normal distribution. The parameter p does not affect the Lorenz curve,
and inequality is determined by o. The corresponding Gini coefficient is

) 1.

o
V2
Thus, larger o implies greater inequality in the lognormal distribution. For classifica-

tion settings, let X7 and Xy denote positive and negative class scores. The ROC curve
is defined as

Gineq = 2(1)(

ROC(t)=1-F (Fy'(1—¢t), 0<t<l,

where F} and F, are the CDFs of the positive (event) and the negative (non-event)
classes, respectively (Hanley and McNeil, 1982). For continuous scores, AUC represents
the ranking probability

AUC = P(Xl > Xo),

and the corresponding Gini discrimination index follows from (1). This relationship
reflects a ranking identity and should not be interpreted as an equivalence between
income inequality and predictive discrimination.

4.2 The normal equal-variance case

Assume equal-variance normal class-conditional scores such that X; ~ N (uy,02) and
Xo ~ N (1o, 0%). The ROC curve and AUC are given by

ROC(t) = @(@*1(t)+@),

M1 — Mo
AUC D( oo ).
The corresponding Gisc follows from (1). These expressions highlight the distinction
between inequality and discrimination: in the lognormal inequality model, larger o
increases Gineq, Whereas in the equal-variance normal classification model, larger o
reduces the standardized separation d’ = (11 — po)/0 and decreases AUC and Gisc-
For example, with gy = 1.2, yp =0, and o =1,

AUC = & (12) ~ 0.802,
V2

giving Ggisc = 0.604. At threshold ¢ = 0.5,

C— Ho

TPR:l-@(C_‘“)zo.%s, FPR:l—fb( )%0.309.
g

This example distinguishes threshold-independent ranking measures such as AUC from
threshold-dependent operating characteristics such as TPR and FPR.
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4.3 Lorenz-type and Leimkiihler representations

The Lorenz curve is defined as

P
Lp)=— [ F s, 0<p<1,
K Jo
for a nonnegative random variable with finite positive mean p. It represents the cumu-
lative share of the total quantity held by the bottom proportion p of the population.
The Leimkiihler curve (complementary Lorenz curve) is obtained through the trans-
formation

K(p)=1-L(1-p).

This transformation reflects a complementary cumulative representation and does not
imply that Lorenz and ROC curves describe the same statistical object (Aitchison and
Brown, 1957).

More generally, ROC-based cumulative representations may take the form

C(p) =1-ROC(1 - p),

but such representations should not automatically be identified with Lorenz curves.
Their equivalence requires additional definitions and distributional assumptions (Irwin
and Hautus, 2015; Schechtman and Schechtman, 2019; Gasparini and Sacchetto, 2020,
2023). For example, under the equal-variance normal classification model,

g

1-ROC(1—p) = <<1>1(p) e _“°> .

Although this expression is mathematically related to ROC analysis, it is not a Lorenz
curve of a normal income distribution, since normal variables do not generally satisfy
the nonnegative support required for the usual Lorenz framework.

4.4 Lognormal classification scores

Closed-form expressions for AUC can also be obtained when class scores follow lognor-
mal distributions. Suppose log(X;) ~ ./\/’(uj70]24)7 for 5 = 1,2 Since the logarithm is
strictly increasing,

P(X1 > Xo) = P(lOgXl > logXO)

For independent class-conditional scores,
log X; — log Xo ~ N (ju1 — pio, 0% + ad),
which gives
AUC =& (‘”_‘“J) .
Voi+ag
For equal log-scale variances, 01 = 09 = o, this reduces to

M1 — Ho
AUC=9 .
( V20 )
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Thus, non-normal scores may still yield analytical AUC expressions under suitable
distributional assumptions. In contrast, the Lorenz curve and Gini coefficient of a
lognormal income distribution follow different definitions. Although their closed forms
may resemble the normal equal-variance AUC expression, the similarity arises from the
underlying Gaussian transformation and does not imply equivalence between inequality
and discrimination measures.

4.5 ROC and Cohen’s Kappa

Cohen’s kappa measures agreement between predicted and true categorical labels after
accounting for chance agreement (Cohen, 1960; Pontius and Millones, 2011). It is

defined as
_P,— P,

T ®)

where P, and P, denote observed and chance-expected agreement, respectively.
Let 1 = P(Y = 1) denote the positive class prevalence. For a classifier with a fixed
threshold,
P,=7TPR+ (1 —7)(1 — FPR),

and with predicted-positive proportion 7 = 7# TPR + (1 — 7)FPR, the expected agree-
ment is
P.o=ar+(1—-m)(1-7).

Thus, kappa depends on the threshold-specific TPR, FPR, and class prevalence, unlike
AUC, which evaluates ranking performance independently of a threshold. Therefore,
classifiers with identical AUC values may yield different kappa values.

Under the normal equal-variance model, using

TPR=1—<1>(C_’“), FPR=1—<I><C_“°),
g

g

kappa can be computed analytically once the threshold and prevalence are specified.

For i = 1.2, up =0, 0 =1, # = 0.3, and ¢ = 0.5, the model gives TPR ~ 0.758
and FPR = 0.309. Consequently, P, =~ 0.711, ©# ~ 0.444, and P, ~ 0.523, resulting
in Kk &~ 0.395. This example demonstrates that kappa incorporates threshold and
prevalence information that is not contained in AUC alone.

4.6 Comparison of distributional and performance measures

Table 3 summarizes the main mathematical objects considered in this section. The
distinction between Gineq and Ggisc is maintained throughout.

4.7 Interpretational distinction

Despite their mathematical connections, the measures considered above quantify dif-
ferent properties:

e Lorenz Curve: describes the CDF of a nonnegative variable ranked by its magni-
tude.
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Table 3: Comparison of Lorenz-, ROC-, and agreement-based measures.

Concept

Normal setting

Lognormal setting

Lorenz curve

Defined for nonneg-
ative variables as
Lp) = p 7 F (u)du;
normal variables are not
generally suitable for income
modeling.

For logX N(u,0?),
L(p) = (2" '(p) - 0).

~

Income Gini

Gineq is obtained from the
Lorenz curve; no general
equivalence with AUC exists.

Gineq = 2®(0/V2) — 1.

ROC curve

Equal-variance normal
scores yield a closed-form
ROC representation.

Obtained from
class-conditional
tions.

lognormal
distribu-

AUC

AUC = @((p1 — Mo)/(\/ia))-

AUC

(11
1)/ /7T + 7).

Gini discrimination

Gaisc = 2AUC - 1.

The same AUC-based trans-
formation applies.

Leimkiihler curve

K(p)=1-L({1-p).

The same transformation ap-
plies to lognormal Lorenz
curves.

Cohen’s Kappa

k = (P, — P.)/(1 — P.);
depends on threshold, TPR,
FPR, and prevalence.

Same definition with TPR
and FPR from lognormal
scores.

e Leimkiihler Curve: provides a complementary transformation of the Lorenz curve
and preserves information from the same distribution.

¢ ROC Curve and AUC: characterize classifier ranking performance, with AUC rep-
resenting the probability-based discrimination between positive and negative classes.
e Gini Discrimination Index: defined by (1), measures ranking discrimination
rather than economic inequality.

e Cohen’s Kappa: measures threshold-specific agreement between predictions and
observed labels while accounting for chance agreement.

The common mathematical theme among these measures is the use of CDFs and
ranking structures, not identical substantive meaning. Lorenz—ROC correspondences
require explicit assumptions and transformations, whereas the AUC-based Gini dis-
crimination identity is a general property of the ROC framework and should be distin-
guished from the inequality Gini coefficient.

4.8 Limitations and caveats

Several caveats should be considered when interpreting the relationships discussed in
this study.

1. Distinct Gini interpretations: Gineq and Ggisc are mathematically and sub-
stantively different measures. The identity in (1) does not imply equivalence between
economic inequality and predictive discrimination.
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2. Distributional assumptions: Closed-form relationships between Lorenz- and
ROC-type representations depend on specific distributional assumptions and should
not be generalized beyond those settings.

3. Threshold dependence of kappa: Unlike AUC, Cohen’s kappa depends on a se-
lected threshold and class prevalence and cannot generally be derived from AUC alone.
4. Interpretation of examples: The numerical examples illustrate mathematical
relationships among measures and do not imply causal connections between inequality
and classification performance.

5. Fairness and scope: The present study does not evaluate algorithmic fairness; such
analyses require dedicated criteria such as demographic parity, equalized odds, and cal-
ibration (Hardt et al., 2016; Chouldechova, 2017). Its purpose is instead to synthesize
established relationships among Lorenz-, concentration-, ROC-, and agreement-based
measures under explicit assumptions.

5 Monte Carlo simulation results

To evaluate the finite-sample behavior of the relationship between AUC and the Gini
discrimination index, Monte Carlo simulations were performed under controlled data-
generating settings. The analysis includes a baseline Gaussian experiment comparing
empirical estimates with theoretical values and an extended simulation assessing the
effects of sample size, class imbalance, and distributional characteristics.

5.1 Baseline Gaussian simulation

Synthetic scores were generated from N (uo = 0,0 = 1) for the negative class and
N(uy = 2,0 = 1) for the positive class, with 1,000 observations per class in each
iteration.
For continuous scores, AUC was estimated using the pairwise-ranking estimator
S Y (8L > 87)
NyN_ ’

AUC =

and the corresponding Gini discrimination estimator was obtained from (1).
For the equal-variance normal model,

M1 — Ho
AUC = ( —2 ) = &(v2) ~ 0.921,

which corresponds to Ggisc = 0.843. Table 4 shows that empirical estimates closely
match theoretical values, with deviations attributable to finite-sample Monte Carlo
variation rather than differences from the population relationship. The simulation
therefore evaluates estimator behavior rather than establishing the already known
AUC-Gini transformation. Figure 1 illustrates the empirical distributions of AUC and
the Gini discrimination index, with reference lines indicating their theoretical values.
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Table 4: Simulation Results (1,000 Iterations).

Metric Empirical Value|Theoretical Value
AUC 0.922 4+ 0.008 0.921
Gini Discrimination| 0.843 +0.016 0.843

Theoretical value (orange): 0.921 Theoretical value (red): 0.843

1
80 1
60
Py—— -_.III IIIIII PR—— --IIIII III-.--
1 1
01 0.93 082 0. 086

0.92 4
AuC Gini Coefficient

Figure 1: Empirical distributions of (left) AUC and (right) Gini discrimination index from the
baseline Monte Carlo simulation. Dashed vertical lines indicate the corresponding theoretical values.
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5.2 Expanded finite-sample simulation

The baseline experiment was extended to evaluate the finite-sample behavior of AUC
under different sample sizes, class-imbalance levels, and score distributions, including
normal, lognormal, exponential, and mixture settings. Minority-class sample sizes of
50, 200, and 1,000 observations were considered.

For each simulation scenario, the empirical bias and variance of the AUC estimator
were calculated as

BlaS(A/[]\(j) = % Z A/.U\(j'r‘ - AUCtrUe7
r=1
Var(AUC) = —— S (AUC, - AUC) .
R—-1 =

For nominal 95% confidence intervals, empirical coverage was estimated as

R
Coverage = % Z I (AUC4ue € CI,).
r=1
Because the Gini discrimination index is obtained from AUC through the linear trans-
formation in (1), its bias, variance, and confidence intervals follow directly from the
corresponding AUC quantities. Therefore, the simulation results are reported using
AUC, while the implications for Ggjsc are determined analytically. Table 5 summarizes
the Monte Carlo results across the considered distributional settings, sample sizes, and
imbalance ratios.
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Table 5: Monte Carlo results for AUC estimation under different sample sizes, class

imbalance ratios, and score distributions.
Distribution nmin Ratio Bias(AUC) Var(AUC) COV(AUC)
0.9

Normal 50 11 -0.000296 0.000773

Normal 50 10:1 -0.000303 0.000394 0. 916
Normal 50 100:1 -0.000251 0.000372 0.906
Normal 200 1:1 -0.000160 0.000186 0.930
Normal 1000 1:1 0.000211 0.000032 0.958
Lognormal 50 11 0.001154 0.002585 0.942
Lognormal 200 1:1 0.000407 0.000646 0.948
Lognormal 1000 1:1 0.002142 0.000128 0.944
Exponential 50 1:1 -0.003209 0.002932 0.946
Exponential 200 1:1 0.000424 0.000736 0.956
Exponential 1000 1:1 0.000840 0.000140 0.950
Mixture 50 11 -0.000967 0.001195 0.920
Mixture 200 1:1 -0.000102 0.000269 0.950
Mixture 1000 1:1 0.000233 0.000054 0.944

5.3 Results and robustness assessment

The results in Table 5 indicate that the AUC estimator exhibits small empirical bias
across the considered scenarios. For the normal distribution, the absolute bias remains
below 0.001 in all reported settings, while the largest observed deviation occurs for the
exponential distribution at 7y, = 50, with | Bias(A/U\C)| = 0.003209. These deviations
are small relative to the magnitude of AUC.

Estimator variability decreases with increasing sample size. Under the balanced
normal setting, the empirical variance decreases from 0.000773 at ny,;, = 50 to 0.000186
and 0.000032 at nyin, = 200 and 1000, respectively. Similar patterns are observed across
the other distributional settings, indicating improved estimation stability with larger
sample sizes.

The imbalance scenarios do not indicate a simple monotonic relationship between
imbalance ratio and AUC variance. For fixed n,;, = 50 under the normal distribution,
the empirical variances for ratios 1:1, 10:1, and 100:1 are 0.000773, 0.000394, and
0.000372, respectively. Therefore, imbalance effects should be interpreted together
with the absolute class sizes rather than through the imbalance ratio alone.

The empirical coverage probabilities of the nominal 95% confidence intervals range
from 0.906 to 0.958. Although several values are close to the nominal level, deviations
occur in some finite-sample settings, emphasizing the importance of evaluating interval
performance in addition to point estimation.

Since Gaisc is a linear transformation of AUC through (1), its finite-sample bias,
variance, and confidence-interval coverage are determined directly by the correspond-
ing AUC results. Therefore, the Gini discrimination results are not repeated in Table 5
to avoid redundant reporting. Figure 2 summarizes the empirical bias and variance
patterns across the simulation scenarios. As shown in Figure 2, empirical bias remains
small across the considered settings, whereas variance decreases more clearly with in-
creasing minority-class sample size. These results highlight the finite-sample behavior
of AUC estimation under different distributional and sampling conditions. The simu-
lation therefore evaluates the finite-sample behavior of AUC estimation under different
distributional and sampling conditions rather than the algebraic identity in (1), which
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is exact by definition.

Monte Carlo Assessment of AUC Estimation
Effects of sample size, class imbalance, and score distribution

(a) Empirical Bias of the AUC Estimator
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Figure 2: Empirical bias and variance of the AUC estimator across the reported Monte Carlo
scenarios.

5.4 Interpretation of results: Income inequality and model per-
formance

To illustrate the distinction between income inequality and ranking-based discrimina-
tion, a separate simulated socioeconomic example was considered. A synthetic dataset
of 1,000 individuals was used to compare the income-inequality Gini coefficient, AUC
of a poverty prediction model, and Cohen’s kappa for binary classification agreement.

The estimated income Gini coefficient was 0.379, indicating inequality in the sim-
ulated income distribution. This measure reflects distributional concentration and
should not be interpreted as the Gini discrimination index associated with ROC anal-
ysis.

The prediction model achieved an AUC of 0.744, indicating moderate ranking dis-
crimination, whereas Cohen’s kappa at a selected threshold was 0.049. The difference
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between these values highlights the distinction between threshold-independent ranking
performance and threshold-dependent classification agreement.

Figures 3 and 4 illustrate Lorenz-, Leimkiihler-like, and ROC-based representations,
demonstrating that these measures provide complementary perspectives rather than
measuring the same underlying quantity.

Lorenz and Limkiihler Curves
Lorenz Curve of Income Limkiihler-like Curve

1.00 1.00

50

Cumulative Income
Cumulative Income
°

025 025

000 025 050 075 100 000 025 050 075 1.00
Cumulative Population Cumulative Ranked by Predicted Poverty

Figure 3: Lorenz curve and Leimkiihler-like curve based on model predictions.
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Figure 4: Lorenz Curve and ROC curve for income-based poverty prediction.
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5.5 Example: Poverty prediction from socioeconomic features

Consider a simulated dataset of 1,000 individuals with socioeconomic characteristics
including education, employment status, and residential region. Income is generated
from these characteristics with an error component, and individuals with income below
a threshold of 15,000 are classified as poor. A prediction score based on these features
is then used to rank individuals according to poverty risk.

The simulated results yield an income-inequality Gini coefficient of 0.255, an AUC
of 0.825, and a corresponding Gini discrimination index of 0.65 obtained from (1). The
Lorenz curve remains relatively close to the equality line, whereas the ROC curve in-
dicates strong ranking performance. These results demonstrate that income inequality
and predictive discrimination can coexist but represent different concepts. The value
0.65 should not be interpreted as economic inequality or compared directly with the in-
come Gini coefficient of 0.255. Instead, it measures the ranking ability of the prediction
model, whereas the income Gini coefficient measures concentration in the income dis-
tribution. Therefore, Lorenz-based inequality measures and ROC-based discrimination
measures may share mathematical structures while retaining distinct interpretations.

5.6 When AUC and Kappa diverge: Theory and practice

Although AUC and Cohen’s kappa are both used for evaluating classification perfor-
mance, they measure different aspects. AUC is a threshold-independent ranking mea-
sure that evaluates the probability of correctly ordering positive observations above neg-
ative observations, whereas kappa is a threshold-dependent agreement measure based
on the resulting confusion matrix.

Cohen’s kappa is defined by (3) and depends on observed agreement, chance agree-
ment, the selected classification threshold, and class prevalence. Therefore, a high AUC
does not necessarily imply a high kappa value. This distinction is particularly impor-
tant under class imbalance. A classifier may achieve strong ranking performance while
producing low agreement at a specific threshold because of unfavorable sensitivity-
specificity trade-offs or changes in marginal class proportions. Consequently, classifiers
with similar AUC values may have different kappa values depending on their thresholds
and predicted class distributions.

From a practical perspective, AUC is appropriate for assessing overall discrimi-
nation independent of a decision threshold, whereas kappa provides complementary
information when categorical decisions are required. Under imbalanced settings, both
measures should be interpreted together with threshold-dependent quantities such as
sensitivity, specificity, and precision, with threshold selection guided by the practical
costs of classification errors.
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6 Illustrative applications

The following examples illustrate how inequality-based representations and ranking
measures can be examined within a common framework. They are not intended as em-
pirical validation of a general relationship between income inequality and classification
performance, but rather as controlled examples for comparing cumulative, concentra-
tion, and ranking-based measures.

6.1 Simulated digital platform example

A simulated example inspired by income patterns discussed for digital platforms is
considered. The objective is not to estimate actual income distributions of specific
platforms, but to construct contrasting income distributions representing different lev-
els of heterogeneity (Digikala, 2020; Hall and Krueger, 2017; Zha et al., 2020). A
heterogeneous mixture distribution is used to represent greater income concentration,
while a more homogeneous distribution represents lower concentration. The analysis
combines Lorenz-based measures of income inequality with ROC-based evaluation of
the ability of income rankings to distinguish between predefined income groups (bottom
80% versus top 20%).

Figure 5 presents the corresponding Lorenz curves. The more heterogeneous dis-
tribution shows greater deviation from the equality line, reflecting higher income con-
centration. This example should not be interpreted as evidence that income inequality
causes better classification performance. Instead, it demonstrates that concentration
measures and ranking-based discrimination may vary together under specific data-
generating mechanisms while retaining different interpretations. Figure 6 shows the
ROC curves obtained from the income-based ranking. Since the groups are defined
from different regions of the income distribution, greater heterogeneity leads to stronger
separation in this simulated setting.

Lorenz Curves: Digikala vs. Uber

1.0} — Digikala
—— Uber -
-=-- Equality Line R

0.8
0.6

0.4

Cumulative Share of Income

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0
Cumulative Share of Population

Figure 5: Lorenz curves for simulated income distributions representing contrasting degrees of income
concentration.
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ROC Curves: Predicting Low-Income Class
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Figure 6: ROC curves for distinguishing predefined income groups in the simulated platform example.

6.2 Breast cancer classification example

To illustrate the distinction between ranking discrimination and probability calibra-
tion in a standard classification setting, the Wisconsin Breast Cancer dataset from
the mlbench package in R statistical software (R Core Team, 2026) was considered.
The dataset contains 699 observations; after removing records with missing values, 683
cases remained. Each observation includes nine ordinal cytological features describing
cellular characteristics, with the outcome classified as benign or malignant. This exam-
ple is intended as an illustration of predictive performance evaluation rather than an
independent clinical validation study. It demonstrates how ROC-based discrimination
measures can be interpreted alongside calibration-related criteria.

6.2.1 Data preparation and experimental dDesign

Records with missing values were excluded, the identifier variable was removed, and
the outcome was encoded as a binary variable, with malignant cases represented as
one and benign cases as zero. The data were randomly divided into training and test
sets using an 80/20 split. Three classification models, including Logistic Regression,
Random Forest, and XGBoost, were fitted and evaluated on the held-out test set using
ROC-AUC together with calibration-oriented measures to distinguish ranking ability
from the quality of predicted probabilities.

6.2.2 Discrimination performance

The ROC curve evaluates the ability of a classifier to rank positive cases above negative
cases across different thresholds, while AUC provides a threshold-independent summary
of ranking discrimination (Hanley and McNeil, 1982; Fawcett, 2006).

Table 6 summarizes the predictive performance of the three models. All mod-
els achieved high discrimination in this illustrative experiment, with AUC values above
0.99. However, high discrimination does not necessarily imply well-calibrated predicted
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probabilities. Figure 7 presents the ROC curves of the three models. The results con-
firm strong ranking discrimination on the test set; however, ROC-AUC alone does not
assess probability calibration. Therefore, calibration analysis is required to determine
whether predicted probabilities correspond to observed event frequencies.

Table 6: Performance metrics for breast cancer classification models.

Metric Logistic Regression[|Random Forest [ XGBoost
Accuracy 0.9632 0.9632 0.9706
AUC 0.9959 0.9944 0.9921
Sensitivity 0.9583 0.9375 0.9792
Specificity 0.9667 0.9778 0.9667
Precision 0.9583 0.9688 0.9592
F1-score 0.9583 0.9529 0.9691
Brier score 0.0284 0.0244 0.0291
Receiver Operating Characteristic (ROC) Curve
——— -

True Positive Rate

Random Forest (AUC = 0.89)
XGBoost (AUC = 0.90)

Legistic Regression [AUC = 0.74)
Random Guess (AUC = 0.5)

08 10

False Positive Rate

Figure 7: ROC curves for breast cancer classification using Logistic Regression, Random Forest, and
XGBoost.

6.2.3 Calibration analysis

Although AUC measures ranking discrimination, it does not assess whether predicted
probabilities correspond to observed event frequencies. Therefore, calibration was eval-
uated using the Brier score:

| X
fap — )2
Brier = N E (pi —vi)~,

i=1

where p; denotes the predicted probability and y; the observed outcome. Lower values
indicate better probability calibration.
The Brier score was further decomposed into reliability, resolution, and uncertainty
components:
Brier = Reliability — Resolution + Uncertainty.

This decomposition distinguishes calibration from discrimination, where reliability re-
flects agreement between predicted probabilities and observed frequencies, and resolu-
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tion measures separation among groups with different outcome risks. Table 7 summa-
rizes the calibration results. The results show that discrimination and calibration may
lead to different model comparisons. A higher AUC does not necessarily imply a lower
Brier score or better calibration, highlighting the need to evaluate ranking performance
and probability quality separately.

Table 7: Brier score decomposition for the breast cancer classification models.

Model AUC |Brier Score|Reliability [Resolution
Logistic Regression|0.9959 0.0284 0.0213 0.2190
Random Forest 0.9944 0.0244 0.0063 0.1774
XGBoost 0.9921 0.0291 0.0022 0.1977

6.2.4 Interpretation in relation to the ROC-Gini framework

The breast cancer example illustrates the role of ranking-based measures in a standard
classification setting. ROC-AUC evaluates class discrimination, and the correspond-
ing Gini discrimination index follows from the transformation in (1). This quantity
should be distinguished from the Lorenz-based income Gini coefficient, which describes
inequality rather than predictive ranking performance.

The example further demonstrates that strong discrimination does not necessarily
imply well-calibrated probabilities. Therefore, ROC-AUC and calibration measures
provide complementary information about predictive models.

Together with the simulated platform example, this application supports the broader
framework of the study: Lorenz-based inequality measures and ROC-based discrimina-
tion measures may share mathematical structures related to CDFs and ranking, while
retaining distinct interpretations and scientific purposes.

6.2.5 Data description and study sample

The breast cancer example was based on the Wisconsin Breast Cancer dataset available
in the mlbench package in R. The original dataset contains 699 observations, after
removing records with missing values, 683 complete cases remained.

Each observation represents a breast cancer case described by nine ordinal cyto-
logical features, including clump thickness, uniformity of cell size and shape, marginal
adhesion, epithelial cell size, bare nuclei, bland chromatin, normal nucleoli, and mi-
toses. The outcome variable indicates benign or malignant status. The identification
variable was excluded from model fitting.

The complete cases were randomly divided into training and test sets using an
80/20 stratified split, preserving the class distribution. All reported discrimination
and calibration results are based on the held-out test sample. This dataset is used
only as an illustrative classification example and should not be interpreted as a clinical
validation cohort.
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7 Conclusion

This study provided an integrated perspective on the relationships among Lorenz
curves, ROC curves, Gini-type measures, concentration representations, and Cohen’s
kappa. Although these measures share mathematical structures based on CDFs; or-
dering, and ranking, they quantify different concepts. A key distinction is that the
income Gini coefficient measures inequality in a nonnegative distribution, whereas the
ROC-based Gini discrimination index measures ranking performance in binary classi-
fication. The identity Ggisc is an established ROC/AUC relationship and should not
be interpreted as an equivalence between economic inequality and predictive discrim-
ination. The contribution of this study is therefore methodological: it clarifies the
assumptions under which Lorenz-type and ROC-type representations are mathemat-
ically connected while preserving their distinct interpretations. Analytical examples
and simulations show that these relationships depend on distributional assumptions
and finite-sample conditions rather than representing universal equivalences. The illus-
trative applications further demonstrate that discrimination, agreement, and calibra-
tion capture different aspects of predictive performance. ROC-AUC evaluates ranking
ability, Cohen’s kappa reflects threshold-dependent agreement, and calibration mea-
sures assess the consistency between predicted probabilities and observed outcomes.
Overall, this study provides a cross-disciplinary framework for interpreting inequality,
concentration, ranking, and predictive performance measures without conflating their
mathematical relationships with their substantive meanings.
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